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Block-structured adaptive mesh refinement

Block-structured adaptive mesh refinement (SAMR)

For simplicity d:q(x, t) + V - f(q(x,t)) =0

Refined blocks overlay coarser ones
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Principles of SAMR
@00
Block-structured adaptive mesh refinement

Block-structured adaptive mesh refinement (SAMR)

For simplicity d:q(x, t) + V - f(q(x,t)) =0

Refined blocks overlay coarser ones

Refinement in space and time by
factor

Block (aka patch) based data
structures

Numerical scheme

n n At
Qi = Q-+ [Fj+%,k - FJ—%,k]
At
T Ay [Gj,k+% - Gj,k—%}

only for single patch necessary

Efficient cache-reuse / vectorization
possible

Cluster-algorithm necessary
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Principles of SAMR
oeo

Block-structured adaptive mesh refinement

Level transfer / setting of ghost cells

Conservative averaging
(restriction):

fy1—1rp1—1

Al +1
ij- 2 Z z QV+K7W+L

f/+1
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Block-structured adaptive mesh refinement

Level transfer / setting of ghost cells

Conservative averaging
(restriction):

fy1—1rp1—1

Al +1
ij- 2 Z z QV+K7W+L
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[ Synchronization
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Level transfer / setting of ghost cells

Conservative averaging
(restriction):

fy1—1rp1—1

Al +1
ij- 2 Z z QV+K,7W+L

(rl+1

[ Synchronization
[ Physical boundary conditions
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Principles of SAMR
oeo
Block-structured adaptive mesh refinement

Level transfer / setting of ghost cells

Conservative averaging
(restriction):

fy1—1rp1—1

Al +1
ij- 2 Z z QV+K,7W+L

(rl+1

Bilinear interpolation
(prolongation):

QL =1-A)1-£) Q1
+ fl(l - f2) Qj,k,1+
(1-A)AEQ) 1.+ Ah Q)

[ Synchronization
[ Physical boundary conditions

[ Interpolation
For boundary conditions: linear time interpolation

Q" (t+rAt ) = (1 - r/i) Q' (t)+ - L QM (t+At) fork=0,...nm
+1

1+1
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Principles of SAMR
[e]e] J
Block-structured adaptive mesh refinement

Conservative flux correction

Example: Cell j, k

fp1—1rp—
Aty

% Al 1,0 1 1/+1
Qi(t + Atr) = Qu(t) — A Foiw ™ 7 Z Z Fooi,. (t+rA)
At (o 2,1
= ay (Fis - FM—%)

Correction pass:
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Principles of SAMR
[e]e] J
Block-structured adaptive mesh refinement

Conservative flux correction

Example: Cell j, k

fe1—1rp—1
« At , )
Qe+ At) = Qu(t) = 5 | Frly - Z 2 Pt + m00)
Ay (Fz,/ _ )
Ay \ ikty  ik—3

Correction pass:
5F1’ — F“

k' —k
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Principles of SAMR
[e]e] J
Block-structured adaptive mesh refinement

Conservative flux correction

Example: Cell j, k

fp1—lrp—1
o At
I I I 1, 1,041
Qi(t + Atr) = Qu(t) — A Foiw ™ Z Z Fit s (t+ RALL)
_ﬂ(Fz,/ _p2! )
Ay \ Jk+3 Jsk—%
Correction pass:
LI+l . gl .
oF>" k._ Fj_%’k . :
1 ry1—1
OF I = 0F o S F L (e kAt)
2 1 2o T
v|v+l
T T
Jj=1
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Principles of SAMR
[e]e] J
Block-structured adaptive mesh refinement

Conservative flux correction

Example: Cell j, k

fp1—1rp—
Aty

o« 1
Qi(t+An) = Q) - = [, ——— > Z Pl (t+ rAtL)

Ax Jt3a,
/ 2 ’+ k=0 =0

. ﬂ (Fg,/ =y )

Ay \ Jk+3 k=%
Correction pass:
1,141 1,/
OF = —Fy )
w q
rp1—1
1,/+1 1,/+1 1,/+1
SF _g = 5F,_§ et Z ijl (t+rAt)
I+l =0 T
N At v(v+l
QL (t + At) = Q) (t + At) + —’ SF- ’?k 1
j=1
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Principles of SAMR
L]
Common refinement criteria

Refinement criteria

Scaled gradient of scalar quantity w
W(Qjt1,6) = w(Qji)| > €w, [W(Qjkr1) —w(Qjic)l > €w, [W(Qjs1 k1) —w(Qjic)| > €w
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Principles of SAMR
L]
Common refinement criteria

Refinement criteria

Scaled gradient of scalar quantity w
W(Qjt1,6) = w(Qji)| > €w, [W(Qjkr1) —w(Qjic)l > €w, [W(Qjs1 k1) —w(Qjic)| > €w

2. Create temporary Grid
coarsened by factor 2
Initialize with fine-grid-

values of preceding 1. Richardson-type er-

3. Compare tempo-

time step ror estimation on inte- rary solutions
. rior cells
% D¢ / \
v aiae
X
4 Vel
V ay.
N\ 4
N //
S NIl
SHAQ(y - An) Rt Q (- A) L7
~ -,
~ At -
~o = HY'Q(ty—-Ay) -
~ ~o - - - -

e ———

H2At, (_Ql(t/ _ At/)
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Principles of SAMR
L]

Implementation in AMROC

UML design of AMROC

‘ i | [mitiaiConditions]| [ Bounda itions |
[rsetpatch) | [rsetpatch) | [rset_patch_boundary() |
1 1

LevelTransfer

+restrict_patch()

[ i 1 1 +prolong_patch()

Classical framework approach with
HypSAMRSolver 0.1

generic main program in C++

+next_step()
+advance_level()

[+update_level()
+regrid()
0.1

+evaluate()

0.* .
g Fixup
[+flux_correction()
oF +add_fine_fluxes()
[+add_coarse_fluxes()
+VectorOfState
rq

+Flags
GridFunction

[+recreate_patches()

0..*"| *-follows distribution
1

GridHierarchy

[+set_new_boxes() Box
,_hierachy() | 1 0.
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Implementation in AMROC

UML design of AMROC

[ i | [mitiaiConditions] [ Bounda itions |
[Fset_patch() | [#set_patch() ] [#set_patch_boundary() |

1

LevelTransfer
+restrict_patch()
i 1 1 1 +prolong_patch()
Classical framework approach with
HypSAMRSolver 0.1

generic main program in C4+

+next_step()
+advance_level()

Customization / modification in updste. el -
. . . . +evaluate()
Problem.h include file by derivation [revauaten_| 0.1

. 1 1
.. 0. —

from base classes and redefining 1o Fixup

. . . [+flux_correction()
virtual interface functions o +add_fine_fluxes()

l+add_coarse_fluxes()
. .. +VectorOfState
Predefined, scheme-specific classes

provided for standard simulations +Flags

GridFunction

[+recreate_patches()

GridHierarchy

[+set_new_boxes() Box
,_hierachy() | 1 0.
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Multiresolution techniques
e0

Multiresolution principles

Multiresolution (MR) principles

Multiresolution analysis is a tool to construct wavelet functions and
consequently wavelet transforms

Information can be organized in different scale levels
Scale can be associated to periods bands

Information in a certain level can be obtained by the combination of the
coarser levels with the wavelet coefficient contributions and vice-versa

rojection
Q= QUi = {Q° U {d'),

prediction
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Multiresolution techniques
e0

Multiresolution principles

Multiresolution (MR) principles

Multiresolution analysis is a tool to construct wavelet functions and
consequently wavelet transforms

Information can be organized in different scale levels
Scale can be associated to periods bands

Information in a certain level can be obtained by the combination of the
coarser levels with the wavelet coefficient contributions and vice-versa

projection
Q™ =  Qur = {Q“} u {d},
prediction
PDE approach: Harten’s cell average MR is used, which is compatible
with the underlying FV discretization [Rousell et al., 2003]
Wavelet coefficients are used to characterize the local regularity of the
solution
low amplitudes of the coefficients are associated to regions where the
solution is smooth
high amplitudes appear only in regions where the solution is less
regular.
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Multiresolution techniques
oce

Multiresolution principles

MR operations for FV methods

Projection (restriction): Prediction (prolongation):
, 41 . ol _ @+l
¢ .t ¢ :
Pi:Q7 —=Q P, Q"= Q
o4, Qg efl ol bty ogf ot o egt ety oty e

| | | |
"t T
V3 , Qf Qf
af % Qfy i !
| |
[ [

1

1 41 A+l _ ol _
Pi1:Qf = 5 ( 5t +Q§,++11) Pro Qi =Q; 8(Q:+1 Qi),

PO QL = Qi+ < (Q,+1 Q1)

2nd order polynomial interpolation as proposed by [Harten, 1995].
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Multiresolution techniques
o
New MR refinement criteria

Use of wavelet transform for adaptation

Wavelet coefficients:

[de =Q“t - pPiTQ* prediction error ]

Use of predicton error as refinement criterion:
Q- P P>

Choice of €:
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Multiresolution techniques
o
New MR refinement criteria

Use of wavelet transform for adaptation

Wavelet coefficients:

[de =Q“t - pPiTQ* prediction error ]

Use of predicton error as refinement criterion:
Q- P P>

Choice of e:
level-independent threshold parameter € = ¢
Harten's thresholding strategy:

0 € ~o(e41-1)
€ =—=2 , 0</i< L
1€

vector-valued threshold in Eucledian norm of velocity field
component of Q
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Euler equation
@00

Verification

Moving Gaussian bump

Initial condition:

2 2
X"+
p(X7y):1+eXp<_ 1y>7 UX(X,_)/):U}/(X7_)/)E].7 p(X7y)E].

16

Domain size: [—1,1] x [-1,1]
Periodic boundary conditions

The exact solution is a bump moving along the diagonal x = y, without
changing its shape.

Base grid of 80 x 80 + 3 levels (all refined by a factor 2)

Finite volume scheme is the Van Leer flux-vector splitting, second order
accurate MUSCL slope-limiting method combined with dimensional
splitting.

Clustering efficiency n = 0.95.

Final time: t. =2

R. Deiterding, M. O. Domingues — Design and application of wavelet-based refinement criteria



Euler equation
oeo
Verification

Moving Gausian bump - refinement meshes

Gradient based MR based, scalar MR based, vector

: r
°
<
]
< B
=
©
9
= . o
(8
3 EE é]
T

Richardson estimation MR based, scalar MR based, vector
7
c
o
9
Il
w
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Euler equation
[e]e] J

Verification

Cells on finest level versus error

Ly L?
1 1,AMR
200000 T T T T T T v T 200000 T T
MR, scalar, hierarchical threshold —— MR, scalar, hierarchical threshold ——
MR, vector, hierarchical threshold —<— MR, vector, hierarchical threshold —<—
L MR, scalar 4 L MR, scalar d
180000 c: MR, vector, hierarchical threshold 180000 Q\\ MR, vector, hierarchical threshold
\ Richardson estimation AN Richardson estimation
\ N N 3y
160000 1| Scaled gradient —e— | 160000 N Scaled gradient —=— |
] \ ]
s H
2 2
B 140000 - q B 140000
3 3
c 2
& &
c <
© 120000 [ q S 120000
@ @
° °
o o
100000 | 1 100000 -
80000 - 4 80000 |
60000 L L L v L L L v 60000 L L
0.0004 0.0005 0.0006 0.0007 0.0008 0.0009 0.001 0.0011 0.0012 0.0013 0.0000010 0.0000100 0.0001000 0.001000
Ly L1avr

Level-wise adaptation error: LLAMR(Q, Gg) = Ei,j |Q,"j — ,(J|AXgAyg.
Q}; is reference solution from uniform at highest resolution
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Euler equation

[e]e] J
Verification
Ly L?
1 1,AMR
200000 T T T T T T v T 200000 T T
MR, scalar, hierarchical threshold —— MR, scalar, hierarchical threshold ——
MR, vector, hierarchical threshold —<— MR, vector, hierarchical threshold —<—
L MR, scalar 4 L MR, scalar d
180000 c: MR, vector, hierarchical threshold 180000 Q\\ MR, vector, hierarchical threshold
\ Richardson estimation AN Richardson estimation
\ N N 3y
160000 il Scaled gradient —— | 160000 | XN\ Scaled gradient —=— |
] \ ]
s H
2 2
» 140000 q B 140000
3 3
c 2
& &
c <
© 120000 1 S 120000
@ @
° °
o o
100000 1 100000 -
80000 4 80000 |
—o
60000 L L L v L L L v 60000 L L
0.0004 0.0005 0.0006 0.0007 0.0008 0.0009 0.001 0.0011 0.0012 0.0013 0.0000010 0.0000100 0.0001000 0.001000
Ly L1avr

Level-wise adaptation error: LLAMR(Q, Gg) = Ei,j |Q,"j — ,(J|AXgAyg.
Q}; is reference solution from uniform at highest resolution

Since the errors satisfy L1(Q) — L1,uni(Q) < L1, amr(Q) and Ly upi is a
constant, monotone behavior in L3 amr will be preserved in L;.
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Euler equation

[e]e] J
Verification
Ly L?
1 1,AMR
200000 T T T T T T v T 200000 T T
MR, scalar, hierarchical threshold —— MR, scalar, hierarchical threshold ——
MR, vector, hierarchical threshold —<— MR, vector, hierarchical threshold —<—
L MR, scalar 4 L MR, scalar d
180000 c: MR, vector, hierarchical threshold 180000 Q\\ MR, vector, hierarchical threshold
\ Richardson estimation AN Richardson estimation
\ N N 3y
160000 il Scaled gradient —— | 160000 | XN\ Scaled gradient —=— |
] \ ]
s H
2 2
» 140000 q B 140000
3 3
c 2
& &
c <
© 120000 1 S 120000
@ @
° °
o o
100000 1 100000 -
80000 4 80000 |
—o
60000 L L L v L L L v 60000 L L
0.0004 0.0005 0.0006 0.0007 0.0008 0.0009 0.001 0.0011 0.0012 0.0013 0.0000010 0.0000100 0.0001000 0.001000
Ly L1avr

Level-wise adaptation error: LLAMR(Q, Gg) = Ei,j |Q,"j — ,(J|AXgAyg.
Q}; is reference solution from uniform at highest resolution

Since the errors satisfy L1(Q) — L1,uni(Q) < L1, amr(Q) and Ly upi is a
constant, monotone behavior in L3 amr will be preserved in L;.

all MR criteria are more efficient than the SG and the Richardson
estimation criteria
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Euler equation

Lax-Liu test cases

Lax—Liu configurations

Initial Values for the Laz-Liu configu

@000

iration #6.

T2
Variables Domain position
I I 11 v
Density(p) 1.00 200 1.00 3.00 11
Pressure (p) 1.000 1.00 1.00 1.00
Velocity component (11}  0.75  0.75 -0.75 -0.75
Velocity component (v2) -0.50 0.50 0.50 -0.50 .
T
2nd-order accurate shock-capturing LiAMR
MUSCL-Hancock scheme with Minmod
limiter and AUSMDV flux-vector splitting.
Base mesh of 8 x 8 cells, with 8 additional E
levels refined by factor 2 - Lx10t b -
g —

Full mesh of 2048 x 2048 cells, final time of £ Grad, n 0.75 7

_ £ Grad, n 0.80 ——
te = 0.8. 2 Grad, n 0.99
Left: cluster threshold 7 also varied. Total a I\MAE: Hg:;g —
number of cells accumulated over all time 1x10° MR, 099 T
steps.

Error

0.01
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Euler equation
o] lele]
Lax-Liu test cases

Configuration #6 at t. = 0.8 — Refinement

SAMR with SG criterion, ¢? = 0.05

10242 20482 40962
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Euler equation
[e]e] le]

Lax-Liu test cases

Configuration #3 at t. = 0.3
SG

MR MRV+

Method  threshold ~ # of cells (107) L} ,y/r (1073)
8
1x10 SG 0.250 5.03 3.0
o MR 0.005 6.42 1.9
8 MR* 0.005 6.83 1.6
s MR+ 0.010 7.59 2.3
g Grad MR*+ 0.010 10.35 1.7
€ w0’ b MR —— 1 MRV 0.010 6.45 17
= MRV~ 0.010 6.76 15
8 MRV+ 0.025 7.33 2.8
MRV*+  0.025 7.55 23
MRV*+ . .
1x106 V: Vector-valued threshold, *: hierchical
0.001 0.01

thresholding, +: one buffer cell

Error

R. Deiterding, M. O. i Design and application of wavelet-based refinement criteri.



Euler equation
[e]o]e] )
Lax-Liu test cases

Summary of Lax—Liu configuration tests

We studied 19 configurations at 12 threshold values. For n = 0.8, the
average cell savings of the MR approach versus SG are:

60

40t 1
= T T *
> 0+ - ..-.,
5 20 | =1 ]
S .40 | 1
w

-60 n
_80 1 1 1 1 1

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
# configuration

The majority of configurations involve all three wave types and for those
the new MR criteria are most efficient.
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Euler equation
[e]o]e] )
Lax-Liu test cases

Summary of Lax—Liu configuration tests

We studied 19 configurations at 12 threshold values. For n = 0.8, the
average cell savings of the MR approach versus SG are:

60

40t 1
= T T *
> 0+ - ..-.,
5 20 | =N ]
S .40 | 1
w

-60 n
_80 1 1 1 1 1

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
# configuration

The majority of configurations involve all three wave types and for those
the new MR criteria are most efficient.

For the few configurations, that are dominated at large by isolated global
discontinuites, especially #3, SG can be slightly more effective than MR.

R. Deiterding, M. O. Domingues — Design and application of wavelet-based refinement criteria



Euler equation
[e]o]e] )
Lax-Liu test cases

Summary of Lax—Liu configuration tests

We studied 19 configurations at 12 threshold values. For n = 0.8, the
average cell savings of the MR approach versus SG are:

60

40t 1
= T T *
> 0+ - ..-.,
5 20 | =1 ]
S .40 | 1
w

-60 n
_80 1 1 1 1 1

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
# configuration

The majority of configurations involve all three wave types and for those

the new MR criteria are most efficient.

For the few configurations, that are dominated at large by isolated global

discontinuites, especially #3, SG can be slightly more effective than MR.

The simple SG criterion is basically unaffected by numerical artefacts from
the FV method, the MR criteria tend to over-refine those

R. Deiterding, M. O. Domingues — Design and application of wavelet-based refinement criteria



MHD
®00000
Ideal magneto-hydrodynamics simulation

Governing equations

OpE B-B
aP= ) E =2 2)u—(u-B)B| =
at—s—VKp—s—erz)u (u )] 0
oB
E—FV'(UtB—BtU):O
with equation of state

u? B?
p(v—l)(pE—p2—2>

The ideal MDH model is still hyperbolic, yet by re-writing the induction
equation, one finds that the magnetic field has to satisfy at all times t
the elliptic constraint

V-B=0.

R. Deiterding, M. O. Domingues — Design and application of wavelet-based refinement criteria



MHD
O@0000

Ideal magneto-hydrodynamics simulation

Generalized Lagrangian multipliers for divergence control

Hyperbolic-parabolic correction of 2d ideal MHD model [Dedner et al., 2002]:
Op  Opux  Opuy,
ot Ox dy

Olpu) | 0 vo(p+ BBY B2+ 2 B.B,) =0
— |pu? — ) - — (puxuy, — By =
ot Ox 4 p\pP > x 8yp ly y

=0

9 (puy) 17} B-B
Tty+—(puxunyxBy)+afy pu + p pt— -B| =

9 (puz) o
ot (puzu>< — B,By) + a—y (puzuy, — B,B,) =0
OpE 0 17} B.-B
W+67[<pE+p+7 (u- B)B] 3y [(pE+p+T>uy7(u-B)By}:0
oY
" + = Bx + = 3y (uyB Byuy) =0
B 14} oY
a—ty-&-a (uxBy Buy)+a=0
aBZ+8(BB)+ (uyB; — Byu,) =0
- Uxbz Ux uybz; — uz) =
ot 9x ay 7 v
] 9B, 9B ?
o )=
ot Ox Oy c2
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MHD
[e]e] lelele}

Ideal magneto-hydrodynamics simulation

Orszag-Tang vortex

Adaptive solution on 50 X 50 grid with 4 additional levels refined by r, = 2
Initial condition

p(x,¥,0) =", ux(x,y,0) = —sin(y), u,(x,y,0) =sin(x), u(x,y,0)=0
p(x,y,0) =7, Bi(x,y,0) = —sin(y), By(x,y,0) =2sin(x), By(x,y,0)=0

time=0 time=0

200 30 o ! ! 1 200 30 “o 50
Multi-resolution criterion with

Scaled gradient of p hierarchical thresholding

R. Deiterding, M. O. Domingues — Design and application of wavelet-based refinement criteria



lution techniques Euler equation MHD

[e]e] lelele}
Ideal magneto-hydrodynamics simulation

Orszag-Tang vortex

Adaptive solution on 50 x 50 grid with 4 additional levels refined by r, = 2
Initial condition

p(x,y,0) = 'yz, u(x,y,0) = —sin(y), uy(x,y,0) =sin(x), wus(x,y,0)=0
p(x,y,0) =~, Bi(x,y,0) = —sin(y), By(x,y,0)=2sin(x), B;(x,y,0)=0

time=0.314159 time=0.314159

o X\B

| / / ) )&7
RN X

Multifresolution criterion Wlth
hierarchical thresholding

o
v

0

Scaled gradient of p
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Initial condition
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Initial condition
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Adaptive solution on 50 x 50 grid with 4 additional levels refined by r, = 2
Initial condition

p(x,¥,0) =%, ux(x,y,0) = —sin(y), u,(x,y,0) =sin(x), u(x,y,0)=0
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Ideal magneto-hydrodynamics simulation

Orszag-Tang vortex - cells on finest level vs. error
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This is work in progress, and for now, the error is evaluated in p only.

Compared are SG and MR with hierarchical threshold also applied to p
only.
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Ideal magneto-hydrodynamics simulation

Orszag-Tang vortex in 3D

Adaptive solution on 32 x 32 x 32 grid with 3 additional levels refined by rj = 2
Initial condition
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Bi(x,y,z) = —sin(2wy), By(x,y,z) =sin(4nx), B;(x,y,z)=0

Multi-resolution criteria with
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Orszag-Tang vortex in 3D

Adaptive solution on 32 x 32 X 32 grid with 3 additional levels refined by r, = 2
Initial condition

p(x,y:2) =77 plx,y,0)=7, e=02,
ux(x,y,z) = —(1 + esin(2wz)) sin(27y),

B.(x.y,2) = —sin(2my),

v =5/3, uy(x,y,z)=esin(2rz)

(1 + esin(2wz)) sin(27x)
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Initial condition
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Ideal magneto-hydrodynamics simulation

Orszag-Tang vortex in 3D
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Scaled gradient

3 » Error is evaluated in p only
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Conclusions

For the first time, wavelet-based multi-resolution has been implemented as
refinement criterion in a general and parallel structured AMR framework.

An approach has been devised to quantify the efficiency of mesh
adaptation criteria using the adaptation error for arbitrary problems.
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Conclusions

For the first time, wavelet-based multi-resolution has been implemented as
refinement criterion in a general and parallel structured AMR framework.

An approach has been devised to quantify the efficiency of mesh
adaptation criteria using the adaptation error for arbitrary problems.

Initial tests for shock-capturing FV method for Euler equations and ideal
MHD equations are very promising:

In complex configurations, involving discontinuities as well as
rarefactions, the MR criterion is shown to be significantly more
effective than currently used criteria.

In rare situations, consisting primarily of global discontinuities, the
SG criterion can be most efficient; however, the MR criterion can be
tuned to give almost comparable performance.
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Conclusions
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Summary and outlook

Conclusions

For the first time, wavelet-based multi-resolution has been implemented as
refinement criterion in a general and parallel structured AMR framework.

An approach has been devised to quantify the efficiency of mesh
adaptation criteria using the adaptation error for arbitrary problems.

Initial tests for shock-capturing FV method for Euler equations and ideal
MHD equations are very promising:

In complex configurations, involving discontinuities as well as
rarefactions, the MR criterion is shown to be significantly more
effective than currently used criteria.

In rare situations, consisting primarily of global discontinuities, the
SG criterion can be most efficient; however, the MR criterion can be
tuned to give almost comparable performance.

Next steps will be to

Replace the SAMR interpolation with the wavelet prediction for
consistency (where possible)
Test more complex MHD cases in combination with the MR criteria
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Parallelization

Rigorous domain decomposition
Data of all levels resides on same node
Grid hierarchy defines unique " floor-plan”

Workload estimation

Imax /
W) => (MG []
1=0 k=0
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Parallel operations

Synchronization of ghost cells
Redistribution of data blocks within
regridding operation

Flux correction of coarse grid cells

Dynamic partitioning with space-filling
curve
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