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Structure of the lectures

Fundamentals (18th)

Conservation laws
Finite volume methods
Upwind schemes

Structured AMR for hyperbolic problems (19th)

Meshes and adaptation
Presentation of all algorithmic components
Parallelization

Hyperbolic AMROC solvers (20th)

Higher-order methods
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Numerical methods for combustion research (20th)

Consideration of non-Cartesian geometries
Numerical methods for the inviscid reactive equations
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Structure of the lectures - |l

Detonation simulation (21th)

Examples of iginition and detonation structure simulation
Extensions to viscous reactive equations

Fluid-structure interaction (FSI) simulation (22th)
Examples of detonation-driven FSI
Lattice Boltzmann methods (22th)

Adaptive LBM
Aerodynamics computations

Further topics and software demo of AMROC (22th)

Adaptive multigrid method
Installation of AMROC on Linux
Running examples
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Weak and entropy solutions
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Conservation laws
[}
Mathematical background

Hyperbolic Conservation Laws

Dt + Y Lhatx o) = s(alx. 1), DC {6 R xS} (1)

q=q(x,t) € S C R - vector of state, f,(q) € C'(S,RM) - flux functions,

s(q) € CY(S,RM) - source term

Definition (Hyperbolicity)

A(q,v) = 11A1(q) + - - - + vgAu(q) with A,(q) = 9f.(q)/0q has M real
eigenvalues A\1(q,v) < ... < Am(q,v) and M linear independent right

eigenvectors ry(q, V).

If f.(q) is nonlinear, classical solutions
q(x, t) € C'(D, S) do not generally exist, not
even for qo(x) € C}(RY S) [Majda, 1984],
[Godlewski and Raviart, 1996],

[Kroner, 1997]

Example: Euler equations
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Conservation laws
@00
Characteristic information

Characteristic variables

Consider the first-order partial differential equation

oq oq
1+ A@@)s) =0 (2)

For A = const. Eq. (2) is called linear, for A = A(q(x, t)) it is called
quasi-linear. For a hyperbolic system, A is diagonalizable as

RIAR=A

R is the matrix of right eigenvectors (column-wise)

R=(ri| |rm)

and A the diagonal matrix of eigenvalues

MO0
A=1 0o ~ o
0 0 Au
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Conservation laws
(o] Je]
Characteristic information

Characteristic variables - 1l

Multiplying (2) with R™" gives

~10q oq
R™' R'A
gt TR A5 =P
with R™'dq = dv this becomes
ov ov
— +R'ARZ==0
ot + ox
or 5 5
v v
AN— —
ot + Ox 0

which is just a set of decoupled independent advection equations for the
components, i.e.,

OVm OVm

— +An——=0 form=1,..., M 3

ot ™ Ox Y (3)
(3) is a wave equation but note that in the general quasi-linear case the
eigenvalues can dependent on all v, , i.e. Ay = Am(va,- -+, vm) Nevertheless,
an analysis as for the wave equations shows

dx
vV = const. for P Am
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Conservation laws lume method

(e]e]

Characteristic information

Wavefronts

The curves dx = \,, dt are called wavefronts or characteristics, v,, are the
characteristic variables.
The characteristics define how influence spreads in the x — t plane. A point in
the x — t plane is only influenced by points at earlier times in a finite domain of
dependence and influences only points in a finite range of influence.

t 4

Vv, = const.

1

v, = const.

Range of
Influence

v43 = const.

Domain of
Dependence

Typical wave diagram for vector model problem.
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Conservation laws
@000

Weak and entropy solutions

Weak solutions

Integral form (Gauss'’s theorem):

/q(x,t—l—At) dx—/q(x, t) dx

+ni; 7At / fa(a(o, t)) on(0) dodt = 7At / s(q(x, t)) dx

Theorem (Weak solution)
qo € L2 (RY,S). q € Li2(D, S) is weak solution if q satisfies

/!

for any test function ¢ € C3(D, S)

d
9 00 ¢ (q)— . / . —
e At ; o, (@) =% S(q)] dxdt+ [ ¢(x,0)-qo(x) dx =0

Rd
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Conservation laws
(o] leJe)

Weak and entropy solutions

Rankine-Hugoniot relations

Consider the 1d version of (1), s(q) = 0 integrated over interval [x, x + dx] x [t, t + dt]

x—+dx x—+dx t+dt
/ a(x’, t + dt)dx’ — / q(x’, t)dx’ = — / [f(a(x + dx, t")) — f(a(x, t'))] dt’
X X t
Assume a discontinuity traveling with
speed
5 o
dt t

dx _ g
dt
State on the left of discontinuity is index

with L, on the right with R Inserting the
states into (8) gives

t+dt =]

(ar — ar) dx = — [f(ar) — f(aL)] dt

Or using the above speed definition

S(ar —aqr) = f(qr) — f(ar)

This is called Rankine-Hugoniot jump relation. Note the form f(qr) = f(q.) for S =0

from which, for instance, the shock relations for Euler equations are derived.
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Conservation laws
(e]e] Je}

Weak and entropy solutions

Entropy solutions

Select physical weak solution as Iim0 gd- = q almost everywhere in D of
g—>

ag 8': g
de (q

= s(q.), RY, t>0
o =s(q:), x€ >

Theorem (Entropy condition)

Assume existence of entropy 1 € C*(S,R) and entropy fluxes v, € C'(S,R)
that satisfy

on@)" Ofu(q) _ opu(@”
oq oq oq ’ Y

then Iim0 g = q almost everywhere in D is weak solution and satisfies
E—r

3?7(CI) + Z 0vYn(q) 877(C|) ’ -s(q)
ox, — 0q

in the sense of distributions. Proof: [Godlewski and Raviart, 1996]
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Conservation laws
[e]e]e] ]
Weak and entropy solutions

Entropy solutions |l

Definition (Entropy solution)

Weak solution q is called an entropy solution if q satisfies

oo d T
/] [%n(qnz 2 yua) —sﬂg—f) -s<q>] dxde + [ o(x,0)n(a(x)) dx > 0
0 Rd n=1 n

Rd
for all entropy functions 7(q) and all test functions ¢ € C}(D, Ry ), ¢ >0

Theorem (Jump conditions)

An entropy solution q is a classical solution q € C'(D,S) almost everywhere and
satisfies the Rankine-Hugoniot (RH) jump condition

d
(@" —a)or+ ) (fa(a™) —fa(a)) on =0
n=1
and the jump inequality

d
(m(at) —n(a ) ot + > (¥a(a™) —¢n(a™)) 0n <0

n=1
along discontinuities. Proof: [Godlewski and Raviart, 1996]

Fundamentals



Conservation laws
@000
Characteristic form of the Euler equations

Euler equations

op 0

ot + 0x, (pun) =0

0

57 (puK) +

0xp,

0 0

E(PE) + 8—Xn(un(PE +p)) =0
with polytrope gas equation of state

1
p=(v=1)(pE = Spunun)

have structure

dra(x, t) + V- f(a(x, t)) =0

Fundamentals
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Conservation laws
0@00
Characteristic form of the Euler equations

Characteristic form of the Euler equations

The Jacobian can be written in different forms, using

1 2
32272, h:e—l—B, H=h+>-u® = H= 2
P p 2 v—1
For
0 1 0
v —3
A— 5 u? (3—7)u ~v—1
1
—UH+§(7—1)U3 H—(y—1)u® ~u
The matrices
1 1 1
R = u—a u u-+ a
H — ua %u2 H 4 ua
%(v—l)uz—i—ua (1—y)u—a ~v-1

R-1=_1 28 — (v = 1)*  2(y—1u  2(1—7)

232
%(’y—l)uz—ua (1—7y)u+a

diagonalize A as

Fundamentals



Conservation laws
(e]e] le}

Characteristic form of the Euler equations

Characteristic form of the Euler equations - |l

u—a 0 0
R!AR=A= 0 u 0
0 0 u+a

The transformation R"*dq = R™Y(dp, d (pu), d (pE))" into characteristic
variables therefore leads to

ov™ ov™
ot +(u—a)—ax =0
Ivo u% —0 ‘
ot ox
ov*t ov*t
ot +(U+a)§ =0
with
_ dp |
dvi =du— — =0 for dx=(u—a)dt |
pa |
dvo:dp—%:o for dx=udt

The crossing of characteristics

dvt = du + d_l; —0 for dx=(u+a)dt causesa shock wave.
p
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Conservation laws

oooe
Characteristic form of the Euler equations

Rarefaction and shock waves in the x — t plane

t . shock: dx = Sdt
A tail

High Pressure

low pressure
dx = (up +ap)dt
: Low Pressure

head [

dx = (ug + ag)dt

high pressure L X
For all curves: “% =u+a ShOC kS
Rarefaction: u(x,t)ta(x,t) > u(y,t)Lta(y,t)

which gives for the shock speed

u(x, t)+a(x, t) < uly, t) £ a(y, t)
uLj:aLZSZ uR:taR
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Conservation laws
[ Jo]

Navier-Stokes equations

Navier-Stokes equations

ap 0
a + Bx. (pu,,) =0

0

ot

9 0
57 (PE) + 5= (un(pE + p) + G — Tojj) =0

with stress tensor
Oun . Oug 2 Ou;

Thkn = ,u(an 8X,,) — §,ua—xj(5k,,

and heat conduction
_ oT
n = OXn

have structure

orq(x, t) + V - f(q(x, t)) + V - h(a(x, t), Va(x, t)) =

Type can be either hyperbolic or parabolic

Fundamentals
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Conservation laws
(o] ]
Navier-Stokes equations

Navier-Stokes equations for multiple species

For multiple species with chemical reaction, the Navier-Stokes equations would
be extended to

ap,' 8

Be T oy it prin) = Wiy, i=1,. N
g(u)+8(uu + 6P —Tkn) =0, k=1 d
atpk 8ankn knP kn) — U, — L.y

0 0
a(pE) + 87(u"(pE +p) + qn + PZ hjvjn — Toju;) = 0
j

with diffusivities
aY;

Oxn
of species i into the mixture (note difference to binary diffusivities). The

equation of state

still contains the temperature, which complicates the analysis. The structure is

atq(x7 t) +V- f(q(X, t)) +V- h(q(x7 t)? Vq(x, t)) - S(q(x7 t))

vin = D
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Finite volume methods

Outline

Finite volume methods
Basics of finite difference methods
Splitting methods, second derivatives
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Finite volume methods
@00

Basics of finite difference methods

Derivation

Assume 0tq + 0xf(q) + Oxh(a(:, 9xq)) = s(a)
Time discretization t, = n/\t, discrete volumes
li=1Ix — %AX,XJ + %AX[:Z [Xji—1/25 Xj11/2[

1 1
Using approximations Q;(t) ~ m /q(x, t)dx, s(Q;(t))~ m /s(q(x, t)) dx
J J
I: /.
J J

and numerical fluxes

F(Qj(t), Qjr1(t)) = f(a(xjy1/2, 1)), H(Q;(t), Qr1(t)) = h(a(xi11/2,t), VaA(Xj11/2, t))
yields after integration (Gauss theorem)

th+1

Qj(tn+1) = Qj(tn) — i / [F (Q(t), Qj+1(t)) — F(Qj-1(t), Q(t))] dt—

1 thi1 thil
o [ M@ Q) - H@ (0, Q) de+ [ s(Q(0) d
tn tn
For instance:
n n At n n n n
Q" =q] - Ax [F (ij j+1) —F (Qj—17Qj)] -
At

8 (.07.) 4 (... 67)] + 2@
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Finite volume methods
(o] l6)

Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form

Q" = HANQY ... QL)

Definition (Stability)
For each time 7 there is a constant Cs and a value ng € N such that
|HAD(Q™)|| < Cs for all nAt < 7, n < ng

Definition (Consistency)

If the local truncation error

[/(At)(x7 t) ;= i [q(x, t+ At) — H(At)(q(., t))]

satisfies ||[L(A0 (-, t)|| — 0 as At — 0

Definition (Convergence)

If the global error £49(x, t) := Q(x, t) — q(x, t) satisfies [|EAD(-, )| — 0 as
At — 0 for all admissible initial data qo(x)
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Finite volume methods
ooe

Basics of finite difference methods

Some classical definitions |l

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LAY )| < CLAt for all At < Aty , t < T

Definition (Conservative form)
If H(-) can be written in the form

At

Ay (F@ e Q) ~ F(Q e, Qi)

n+l AN
Q" =Q) -

A conservative scheme satisfies

2.4 =2.q

JEZ JjETZ

Definition (Consistency of a conservative method)
If the numerical flux satisfies F(q,...,q) =f(q) forallqe S

Fundamentals 21



Finite volume methods

[ Je]

Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!

HAD . 9,q+V-f(gq) =0, IC Q(tn) 25 Q
S@) . 9:q = s(q) , IC: @ &5 Q(tn + Ab)

1st-order Godunov splitting: Q(t,, + At) = SAIHAD(Q(t)),
2nd-order Strang splitting : Q(tm + At) = SGANH(A)SGAN(Q(t,,))

1st-order dimensional splitting for H():
XA 9.q+0.fi(q) =0, IC Q(tn) 25 QY2

XA 9q+0.R(@)=0, 1C Q2 £ @

[Toro, 1999]
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Finite volume methods
oe

Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 8:q — cAq = 0 with ¢ € RT , which is readily discretized as
At
Q= Qe p (Qfirs —2Q5 + Q1 y) +c (Q”k+1 2Qf + Q1)

or conservatively
At At
n+l _ 1 1 2 g2
Qi = @+ cx (HJ+27k Ly ) rort (HJ " HM_%)

Von Neumann stability analysis: Insert single eigenmode Q(t)e"k1X1 e’k2X2 into
discretization

O™t — Oy ¢y (é‘?neiklel _ 20" + Qne—ikle1)+C2 (Qneiszxz 20" + @ne—iszxz)

At
A2’

Qn+1 Qn (1 + 2C1(COS(k1AX1) — 1) + 2C2(COS(k2AX2) — 1))
Stability requires
|1 + 2C1(COS(k1AX1) — ].) + 2C2(COS(k2AX2) — 1)| <1

with C, = ¢ L = 1,2, which gives after inserting e’*:*: = cos(k,x,) + isin(k,x,)

i.e.
I1—-4C —4G| <1
from which we derive the stability condition

At At
0<c + — ] <

1
Axl AX22 2
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Upwind schemes

Outline

Upwind schemes
The linear Riemann problem
Flux-difference splitting
Flux-vector splitting
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Upwind schemes
[ Jele]
The linear Riemann problem

The Riemann problem in the linear case

Consider the linear hyperbolic equation (i.e. A = const. )

0 0
aq(X’ t) + Aaq()g t) =0

Assume (for simplicity) that A has M distinct real eigenvalues A1 < ... < Ay
with M linear independent right eigenvectors rp,.
We can readily apply the characteristic transformation R™'q = v to obtain

ov ov
AR, Wi
ot Ox
or 9 9
Vm Vm _ _
W—I_Amg—o fOI'aH m—l,...,M

Each characteristic variable v,,, changes only across the characteristic line
associated to Ap,.

Since the entire problem is linear, we can simply sum up all these jumps Av,,
successively to connect the RP states v;, vg in characteristic variables.
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tion | Upwind schemes

oeo

The linear Riemann problem

The Riemann problem in the linear case - |l

Example of a linear 3 PDE system:

)»2 At
Introducing the jumps ¥1.* Yu
T 4 Elhomiitn & & Vo = Vpao )1
Av1 = [VRl — Vi1, 0, 0] V, = Vi, Vi = Vps
A Va =V
T 3 3 R3
AVQ = [0, VR2 — VI2, O]
. T
AV3 —_ [0, O, VR3 - V[_3] ] le vl = le
the solution reads ¥y ™= V1o Vp = Vpo
= V13 Vg =Yy

v = Vg — Avz — Avy — Av; x/t < A3
V(i)_ vi + Avz = vg — Avy — Avq )\3<X/t<)\2
o v + Avs + Avy, = vg — Avy Ao < x/t <\

v + Avs + Avo + Avy = vg A1 < x/t
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tion laws ni lume method Upwind schemes
ooe

The linear Riemann problem

The Riemann problem in the linear case - |l

or using the transformation ¢ = Rv and RAv,,, = r,,Av,,

q. = gr — 3Avz —nAv, —riAv; X/t< A3
X\ gL + r3Avz = qr — nAv, —r1Av A3 <X/t< Ao
q< >_ qr + r3Avz +rnAv, =qr —r1Av )\2<X/t<)\1
qr + r3Avs + rnAw + riAvy = qg A1 <X/t

Multiplying with A and using Ar,, = \,,r, gives

Aq; = Aqr — r3A\3Avs —n X\ Av —riA\Av X/t < A3
Aq (i) _ Aq; + r3s\3Avz = Aqr — N Av —riA\Av A3 < X/t < A
t Aq; + r3s\3Avz + X\ Avs = Agr — i A\1Av Ao < X/t < M\

Aq[_ + I’3>\3AV3 + r2/\2Av2 + I’1)\1AV1 = AqR )\1 < X/t

This allows direct evaluation of the flux at x=0.

F(a,,a,) :==f(a(0,t)) = Aq(0, t)
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Upwind schemes
[ Jelelele)

Flux-difference splitting

Linear upwind schemes A

M—1
Z Bmrm + 6MrM

m=1

Bir1 + Z Smrm

m=2

Consider Riemann problem

0 0 Y M
— = Smfm Bmrm
—atq(x, t)+A—8Xq(X, t)=0, xeR, t>0 a mgl mgl

Has exact solution

0
Q(X,t):ql_+ Z amfm = qp — Z amfm = Z Omrm + Z Bmrm

Am<x/t Am>x/t Am>x/t Am<x/t

Use Riemann problem to evaluate numerical flux F(q,,q,) := f(q(0,t)) = Aq(0, t) as

Am<O0 Am>0 Am>0 Am<O0
Use AL = max(Am,0), Am = min(Am,0)
to define Nt = diag(A], ..., A)), N~ =diag(A], ..., \y)
and AT :=RATR1, A- :=RAR™! which gives

F(a,,9;r) =Aq, + A" Aq=Aq, —ATAq=A"q, + A q,

with Aq =q, — q,

Fundamentals



Upwind schemes
(¢ lelele)
Flux-difference splitting

Flux difference splitting

Godunov-type scheme with AQ,, , = Q}; — Qf

At
n+l _ An + n
Q=9 -+, (A AQjyp + A AQj—l/2>
Use linearization f(g) = A(qL,qR)c_] and construct scheme for nonlinear
problem as
n+l1 _ An At n AQ" A—|— MAQ"
Q= Q) -+ (A7(Q],Q..)AQ],, + AT(Q),,Q))AQ] 4 )

stability condition

max |\ , forallm=1,...,M

jer '"J+2|

[LeVeque, 1992]

Fundamentals



Upwind schemes
(e]e] lele}

Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
(i) A(qL,qR) has real eigenvalues

(i) Aa,.ag) = ag((?) as q,,q, — g : : :
(iii) A(qLaqR)Aq:f(qR)_f(q[_) t, Ve el .

Wave decomposition: Aq=q, —q, = Z am tm
Fa,,9,) =f(a,)+ > Amamtm=Ff(ay)— Y Ay ambm

Am<0 Am>0

1
_2<f(qL ) +f(ay) Z\)\ amrm>

Fundamentals



Upwind schemes
000e0
Flux-difference splitting

The Roe solver for Euler equations

For Euler equations, the following non-apparent average defines the Roe method:
The average for u and H read

N VpLur + \/pRUR o vPLHL + /prHR
VoL + PR VPL + /PR

The average of the density is

VPLPR + \/PRPL
VPL T /PR

and the averaged speed of sound is

= V/PLPR

p=

The eigenvectors read

1 1 1
=1 -3 |, t= 20 , f=| 0+3a
H— 3 /s H+ ba
and the characteristic wave strengths are
Ap — palAu Ap Ap + paAu
Av, =a = —— Av, = ay = Ap——, Av, = a3 =
: 232 2 ™ 3= 232

Fundamentals



Upwind schemes
(e]e]ele] J
Flux-difference splitting

Harten-Lax-Van Leer (HLL) approximate Riemann solver

q, x<st
a(x,t)=4¢ q°, s t<x<syt
e, X>Sspt

f(qL) 3 0<5L ’
s f —s, f +s,s —
FHLL(qLaqR) — R (qL) L (SqR)_ S L R(qR qL) y SL S 0 S SR ,
R L
f(ag) , 0>s,,

Euler equations:
s, = min(ui,L — ¢, u1,R — CR), Sg = max(u,L + ¢, u1,R + CR)

[Toro, 1999], HLLC: [Toro et al., 1994]

Fundamentals



Flux-vector splitting

Flux vector splitting

Splitting

f(a) =f"(a) +f (a)

derived under restriction 3\; > 0 and
Ap <Oforallm=1,..., M for

A+(q) — 8f+(q) A—(q) — af_(q)

oq ’ oq

plus reproduction of regular upwinding

f"(q) = f(a), f (@) = 0
ff@ = 0, f(a) = f(a)
Then use

Upwind schemes
@00

F(a,,a9;) =f"(a,) +f (ag)

f7(a,)  fa)fF (@) Fag):

q, g

if Am>0 forall m=1,....M
if Am <0 forall m=1,....M

F(a,,q;) =f"(q,) +f (ag)

Fundamentals



Upwind schemes
(o] o)

Flux-vector splitting

Steger-Warming

Required f(q) = A(q)q
L1 1
A = E(Am+|)\m|) Am = 5()"‘”_ |)‘m|)

A"(a) :=R(@)A" (@R (@), A (a):=R(a)A (a)R '(q)
Gives
fla)=A"(a)a+A (a)q

and the numerical flux
F(a,,q9,) =A"(q,)a, + A (ag)a,

Jacobians of the split fluxes are identical to A¥(q) only in linear case

or(a) _ 0 (A*(a)a)
oq oq

Further methods: Van Leer FVS [Toro, 1999], AUSM [Wada and Liou, 1997]

+
OA~(q) q

At

Fundamentals



Upwind schemes
ooe
Flux-vector splitting

Steger-Warming FVS for Euler equations

For Euler equations, f(q) = A(q) q holds true. We also know all matrices R"!AR = A.
Approach 1: Introduce \f = 2 (Am + |Am|), Am = %(Am — |Am]|) and compute AT
and A~ directly.

Approach 2: Analyze sign of eigenvalues:

u < —a : All eigenvalues are negative: u —a<u<u+a<0

_ T
f~(a) = [pu, pu® + p,puH] ", fH(q) =0

1
2

u > a: All eigenvalues are positive: 0 < u—a<u<u+a

_ T
f(q)=0, f"(a) = [pu,pu’ + p, puH]

—a<u<a:Wefindu—a<O0andu+ a> 0 are always satisfied. For u < 0, we
need to evaluate

[ u—a 0 0 | [0 0 0 ]
f~(q) =R 0 u 0 | R !q, ff(99=R| 0 0 0 R~ lq
|0 0 0 | 0 0 u+a |
For u > 0, we need to evaluate
[ u—a 0 0 ] [0 0 0 |
f~(q) =R 0 0 0 | R lq, ff(q)=R| 0 wu 0 R~ lq
| 0 0 0 | | 0 0 u+a

Fundamentals
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Meshes and adaptation

Adaptivity on unstructured and structured meshes
Available SAMR software

The serial Berger-Colella SAMR method
Data structures and numerical update
Conservative flux correction
Level transfer operators
The basic recursive algorithm
Block generation and flagging of cells

Parallel SAMR method
Domain decomposition
A parallel SAMR algorithm
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Meshes and adaptation

Outline

Meshes and adaptation

Adaptivity on unstructured and structured meshes
Available SAMR software
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Meshes and adaptation
[ Jelele}
Adaptivity on unstructured and structured meshes

Elements of adaptive algorithms

Base grid

Solver

Error indicators

Grid manipulation

Interpolation (restriction and prolongation)

Load-balancing

Structured adaptive mesh refinement 4



Meshes and adaptation
(o] Jele}
Adaptivity on unstructured and structured meshes

Adaptivity on unstructured meshes

Coarse cells replaced by finer ones
Global time-step
Cell-based data structures

Neighborhoods have to stored

Geometric flexible

No hanging nodes

Easy to implement

Higher order difficult to achieve

Cell aspect ratio must be considered

Fragmented data

Cache-reuse / vectorizaton nearly
impossible

Complex load-balancing

Complex synchronization

Structured adaptive mesh refinement 5



Meshes and adaptation
e]e] le}
Adaptivity on unstructured and structured meshes

Structured mesh refinement techniques

Block-based data of equal size 0
Block stored in a quad-tree ) ’ {_E_I_é_z‘l
Time-step refinement o |2 2 5 6 | 7 8
Global index coordinate system 5 | 6 o 10 11 12

Neighborhoods need not be stored

Numerical scheme only for single
regular block necessary | | .

Easy to implement

Simple load-balancing Ei g i i

Parent/Child relations according to
tree

Cache-reuse / vectorization only in S —— 3
data block Wasted boundary space in a quad-tree

Structured adaptive mesh refinement 6



Meshes and adaptation
[e]e]e] }
Adaptivity on unstructured and structured meshes

Block-structured adaptive mesh refinement (SAMR)

Refined block overlay coarser ones
Time-step refinement

Block (aka patch) based data
structures

Global index coordinate system

Numerical scheme only for single
patch necessary

Efficient cache-reuse / vectorization
possible

Simple load-balancing

0 7 7 7 7 /7 /7 /77777774

Minimal synchronization overhead
Cells without mark are refined
Hanging nodes unavoidable

Cluster-algorithm necessary

Difficult to implement

Structured adaptive mesh refinement



Meshes and adaptation
@00
Available SAMR software

Simplified structured designs

Distributed memory parallelization fully supported if not otherwise states.

PARAMESH (Parallel Adaptive Mesh Refinement)
Library based on uniform refinement blocks [MacNeice et al., 2000]
Both multigrid and explicit algorithms considered
http://sourceforge.net/projects/paramesh

Flash code (AMR code for astrophysical thermonuclear flashes)
Built on PARAMESH
Solves the magneto-hydrodynamic equations with self-gravitation
http://www.flash.uchicago.edu/site/flashcode

Uintah (AMR code for simulation of accidental fires and explosions)
Only explicit algorithms considered
FSI coupling Material Point Method and ICE Method (Implicit,
Continuous fluid, Eulerian)
http://www.uintah.utah.edu

DAGH /Grace [Parashar and Browne, 1997]
Just C4+ data structures but no methods
All grids are aligned to bases mesh coarsened by factor 2
http://userweb.cs.utexas.edu/users/dagh

Structured adaptive mesh refinement 8



Meshes and adaptation
(o] le)
Available SAMR software

Systems that support general SAMR

SAMRAI - Structured Adaptive Mesh Refinement Application
Infrastructure

Very mature SAMR system [Hornung et al., 2006]

Explicit algorithms directly supported, implicit methods through
interface to Hypre package

Mapped geometry and some embedded boundary support
https://computation-rnd.linl.gov/SAMRAI/software.php

BoxLib, AmrLib, MGLib, HGProj
Berkley-Lab-AMR collection of C++ classes by J. Bell et al., 50,000
LOC [Rendleman et al., 2000]
Both multigrid and explicit algorithms supported
https: //ccse.lbl.gov/Downloads/index.html
Chombo
Redesign and extension of BoxLib by P. Colella et al.
Both multigrid and explicit algorithms demonstrated

Some embedded boundary support
https: //commons.Ibl.gov/display /chombo

Structured adaptive mesh refinement 9



Meshes and adaptation
ooe
Available SAMR software

Further SAMR software

Overture (Object-oriented tools for solving PDEs in complex geometries)

Overlapping meshes for complex geometries by W. Henshaw et al.
[Brown et al., 1997]

Explicit and implicit algorithms supported

http: //www.overtureframework.org

AMRClaw within Clawpack [Berger and LeVeque, 1998]
Serial 2D Fortran 77 code for the explicit Wave Propagation method

with own memory management
http://depts.washington.edu/clawpack

Amrita by J. Quirk
Only 2D explicit finite volume methods supported

Embedded boundary algorithm
http: //www.amrita-cfd.org

Cell-based Cartesian AMR: RAGE

Embedded boundary method
Explicit and implicit algorithms
[Gittings et al., 2008]

Structured adaptive mesh refinement



Serial SAMR method

Outline

The serial Berger-Colella SAMR method
Data structures and numerical update
Conservative flux correction
Level transfer operators
The basic recursive algorithm
Block generation and flagging of cells
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Serial SAMR method
[ JeJe]ele}
Data structures and numerical update

The mth refinement grid on level /

......................................................................................

Notations: (... 1 1 1 { 1 1 1 : ;
Boundary: 9G; m R S e i ~-:Complete grid
Hull: R s s s I i with ghost

! SUUUUAO I A N A NN A N N A N ... cells - GZ
Gl,m = Gl,m U aG/,m l,m

Ghost cell region:
G/L,Tm = G/L,Tm\G/ ym

Interior grid with buffer cells - G;

Structured adaptive mesh refinement 12



Serial SAMR method

Oe000
Data structures and numerical update
Refinement data
. At _ Axp —
Resolution: At := ! and Axp ) = S24n,1-1
r r

Refinement factor: n € N,y >2for/ >0and nn =1

Integer coordinate system for internal organization [Bell et al., 1994]:

Computational Domain: Gy = Uf\n/"):l Go,m
Domain of level I: G, := Uf\n/”zl Gi.m with G.mN G ,=0form#n
Refinements are properly nested: G} C G/_;
Assume a FD scheme with stencil radius s. Necessary data:
Vector of state: Q' :=J,, Q(G},,)
Numerical fluxes: F"' :=J, F"(G,m)
Flux corrections: 6F"' :=J _0F"(0G/,m)

Structured adaptive mesh refinement 13



Serial SAMR method
(e]e] Tele}
Data structures and numerical update

Setting of ghost cells

.......

.......

1 Synchronization with G; - gﬁm = @,fm N G
B Physical boundary conditions - P}, = G/ m\ Go
[ Interpolation from G;_1 - I/, = G} ,\(5/m U P} 1)

Structured adaptive mesh refinement



Serial SAMR method
(e]e]e] Je}
Data structures and numerical update

Numerical update

Time-explicit conservative finite volume scheme

2

At At
HED D Qu(t+At) = Q)= A (F}+;,k - F}—;,k) (FJ?,H% —Fliy
UpdateLevel(/)

For all m=1 To M, Do

QG s t) 2 Q(Grim t+ A1) F' (G 1)
If level />0

Add F"(0Gm,t) to SF™
If level /+ 1 exists

Init SF™'™ with F"(G;mNOG;,1,t)

Structured adaptive mesh refinement



Serial SAMR method
O000e
Data structures and numerical update

Conservative flux correction

Example: Cell j, k

/ At/ I ;] M tradt /
Qj(t + Aty) = Qj(t) — F};%’k ~ Z Z Ftil (4 rAtL)
I+1 k=0 =0
At o 5
F>'  _F )
Axz ( Jk+35 k—1
Correction pass:
1,/+1 1,/ I
T H
" gz
ry1—1
1,/+1 1,/+1 141
OF _Ji P 5FJ_J£ K Z F ++%,W+L(t+’fAt/+1)
IH =0 T
e At vlvag
Qfl'k(t +A) = le'k(t + At) + AXlll 6F1 /tlk T |

Structured adaptive mesh refinement



Serial SAMR method
[ ]
Conservative flux correction

Conservative flux correction ||

Level / cells nﬁfldmg %

correction (G,7'\G/11) N G, %

N

N
N
N

Corrections §F™/*1 stored on o ‘
level | + 1 along 0Gjy1 ZZA% %
(lower-dimensional data 7/}

coarsened by r1;1)

7
Init 6F™/*1 with level / fluxes % 17///

Fn’l((_;/ N 8G/+1) 7‘
Add level | + 1 fluxes % i Az A%

Fr/t1(8Gp4q) to 6F™/

Ni

[ Cells to correct e« F"! o Fm/+1 o ggm/H1

Structured adaptive mesh refinement



Serial SAMR method
[}

Level transfer operators

Level transfer operators

Conservative averaging (restriction):
Replace cells on level | covered by level | 4+ 1, i.e

Jj—1 J
G/ N Giy1, by
ry1—1rng—1 . k
Qje 1= Z > Qb v j
(r/+1) -0 =0
Bilinear interpolation (prolongation): S 2k/ ' 1
Qi =1-A/)1- fz)QJ 1h—1+ (1 - f2)QJk 1+
(l—fl)fz j_1,k‘|‘f1f2 ij :
X — X7t X — Xkt
with factors fi := S S , k= 20 2! derived from the spatial
AXxy AXZ,/

coordinates of the cell centers (x{_, ,x2 1) and (X0 1415 X2 141)-

For boundary conditions on 7,5: linear time interpolation

Q" (t+rAt1) == (1 - i) é/+1(t)+i Q"' (t+At) fork=0,...rnu1
r+1 Fi+1

Structured adaptive mesh refinement



Serial SAMR method
[ Jelele}
The basic recursive algorithm

Recursive integration order

Space-time interpolation of coarse data to set /7,/ >0
Regridding:
Creation of new grids, copy existing cells on level / > 0
Spatial interpolation to initialize new cells on level / > 0

Root Level ’ ’

n=1 | 1 |

| |
Level 1 Y . ’ Y
n = | 2 I 5 ;8 1 11

| | | | |
level2 ¥ L ¥ . ¥V ¥V . ¥
ry — 3 4 6 7 9 10 12 13

>
Time

— — > Regridding of finer levels.
Base level (@) stays fixed.

Structured adaptive mesh refinement



Serial SAMR method
0000
The basic recursive algorithm

The basic recursive algorithm

AdvanceLevel (/)

Repeat r times

Set ghost cells of Q'(t)

If time to regrid?
Regrid (/)

UpdateLevel (/)

If level /4 1 exists?
Set ghost cells of Q/(t+ At)
AdvanceLevel (/ + 1)
Average Q'!(t+4 At)) onto Q'(t + At)
Correct Q'(t+ At)) with SF'™

t:=t+ At

Start - Start integration on level O

/:ZO, R):Zl
AdvanceLevel (/)

[Berger and Colella, 1988][Berger and Oliger, 1984|

Structured adaptive mesh refinement

Recursion

Restriction and flux
correction

Re-organization of
hierarchical data



Serial SAMR method
[e]e] Jo}
The basic recursive algorithm

Regridding algorithm

Regrid(/) - Regrid all levels ¢ >/

For ¢« = lf Downto / Do
Flag N' according to Q‘(t)
If level ¢+ 1 exists?

Flag N* below G''2

Flag buffer zone on N*
Generate G‘'! from N

é/ = G/

For + =1/ To Ir Do
CG, = Go\G,
éa+1 = E’;L+1\Céj

Recompose (/)

Structured adaptive mesh refinement

Refinement flags:
N' =, N(OG,m)

Activate flags below higher
levels

Flag buffer cells of b > k, cells,
Kk, steps between calls of
Regrid (/)

Special cluster algorithm

Use complement operation to
ensure proper nesting condition



Serial SAMR method
[eJe]e] }

The basic recursive algorithm

Recomposition of data

Recompose (/) - Reorganize all levels ¢ >/

For t=/+1 To I+ 1 Do
Interpolate Q'~1(t) onto Q'(t)
Copy Q‘(t) onto Q‘(t)

Set ghost cells of Q'(t)
Q(t) == (VQL(t), G =G,

Creates max. 1 level above /¢, but can remove multiple level if EL
empty (no coarsening!)

Use spatial interpolation on entire data Q*(t)
Overwrite where old data exists

Synchronization and physical boundary conditions

Structured adaptive mesh refinement



Serial SAMR method

X

X

X

X X

X

X

Block generation and flagging of cells S
Clustering by signatures
X X X X X X|6
X X X X X X|6
X X X 3
X X 3
X 2
X 2
X X 2
0
X X 2
2
T 6 6 2 3 2 2 2 2 2 T
A
T Flagged cells per row/column

[\

4 4 2 3 2 2 2 2 2
-2 3-21 000

A Second derivative of T, A =T,11 — 27T, + T, 1
Technique from image detection: [Bell et al., 1994], see also

[Berger and Rigoutsos, 1991], [Berger, 1986]

Structured adaptive mesh refinement
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Recursive generation o /,m
0inT
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Serial SAMR method
00e00
Block generation and flagging of cells

Refinement criteria

Scaled gradient of scalar quantity w

(W(Qjr1,6) =W (Qji)| > €w, [W(Qjk+1)—w(Qjk)| > €w, [W(Qjr1,44+1)—w(Qj)| > ew

Heuristic error estimation [Berger, 1982]:
Local truncation error of scheme of order o

a(x, t + At) — H2(q(-, t)) = CAt™ + O(At°H?)
For q smooth after 2 steps At
q(x, t + At) — HP(q(-, t — At)) = 2CAt°T + O(AL°?)
and after 1 step with 2At
q(x, t + At) — HP2(q(-, t — At)) = 2°T At + o(At°H?)
Gives

HE (-, £ — At)) — HE(q(, £ — At)) = (271 —2)CAL 4 O(AL*H?)

Structured adaptive mesh refinement 25



Serial SAMR method
000@0
Block generation and flagging of cells

Heuristic error estimation for FVV methods

2. Create temporary Grid
coarsened by factor 2

Initialize with fine-grid-

values of preceding 1. Error estimation on 3. Compare tempo-

time step interior cells rary solutions

Y XN A0 N / \
o4 Z(/ '/ ANGERGANC NN
:/:/'/ w4 y.a //'/ \ NNW \‘\*\ § Z1>
// ,’// /// (":\ \\“; \i \>‘?\/ \\
é vi 4 <! = \\ % p4
//;' YA ST N N i o 4

A ///'/ ) . RTINS \\
Y NANN X/
\\ > S ="~ - //
S At o 4
S HATQ(G —AY) WA HAYQ! (1 — AY)) 7
IS -’
~ At -
RN = H'Q(y—Ay) _-
~ ~ - _ - - -

Y T o —
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Serial SAMR method
0000e
Block generation and flagging of cells

Usage of heuristic error estimation

Current solution integrated tentatively 1 step with At; and coarsened

Q(t; + At)) := Restrict (7—[2“’ Q'(t; — At/))
Previous solution coarsened and integrated 1 step with 2At,
Q(t; + At)) := H*2" Restrict (Q'(t — At))

Local error estimation of scalar quantity w

w(Qy(t + At)) — w(Qu(t + At))|
2o+l _ 9

Tik =

In practice [Deiterding, 2003] use

w
7 jk r

max((w(Qu(t + A, S,) ~ ™
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Parallel SAMR method

Outline

Parallel SAMR method
Domain decomposition
A parallel SAMR algorithm

Structured adaptive mesh refinement 28



Domain decomposition

Parallelization strategies

Decomposition of the hierarchical data
Distribution of each grid

Separate distribution of each level, cf.
[Rendleman et al., 2000]

Rigorous domain decomposition

Data of all levels resides on same
node

Grid hierarchy defines unique

" floor-plan”

Redistribution of data blocks
during reorganization of
hierarchical data

Synchronization when setting
ghost cells

Structured adaptive mesh refinement

Parallel SAMR method
[ JeleJe}

Processor 1 Processor 2

DO IO,
Y,




Parallel SAMR method
0000
Domain decomposition

Rigorous domain decomposition formalized

Parallel machine with P identical nodes. P non-overlapping portions G§,
p=1...,Pas

P
Go=|J G with GENGi=0 forp#gq

p=1
Higher level domains G, follow decomposition of root level
G’ =G NGy

With Nj(-) denoting number of cells, we estimate the workload as

W(Q) = i [/\/,(G, n) ] rK]

1=0 k=0
Equal work distribution necessitates

_ P-W(&)

LP = ~1 forallp=1,...,P
W(Go) P

[Deiterding, 2005]

Structured adaptive mesh refinement



Domain decomposition

Ghost cell setting

Local synchronization

TSP __ ~S,P P
SI m Gl,m N Gl

)

Parallel synchronization

S =G rnGlq#p

I,m

Interpolation and physi-
cal boundary conditions
remain strictly local

Scheme H(At)
evaluated locally

Restriction and
propolongation
local

Structured adaptive mesh refinement

Parallel SAMR method
(e]e] Jo}

Processor 1 Processor 2

Ghost cell values:

1 Interpolation [ Parallel synchronization
3 Local synchronization I Physical boundary



Parallel SAMR method
[e]e]e] }
Domain decomposition

Parallel flux correction

Strictly local: Init SF™/*1 with F"((_;/,m NOGyy1,t)
Strictly local: Add F"(0G; , t) to 6F™/

Parallel communication: Correct Q/(t 4+ At;) with §F/*1

Node p e Node q

.
. . . .

.
. . . .
syeovecccce [XEXEX XY X

=7 =7

° Fn,/ ° Fn,/—‘rl o 6Fn,/+l

Structured adaptive mesh refinement



A parallel SAMR algorithm

The recursive algorithm in parallel

Regrid (/)

Structured adaptive mesh refinement

Parallel SAMR method
[ JeJele}

Numerical update
strictly local

Inter-level transfer local
Parallel synchronization

Application of §F'** on
oG/



A parallel SAMR algorithm

Regridding algorithm in parallel

Recompose (/)

Structured adaptive mesh refinement

Parallel SAMR method
] Jele}

Need a ghost cell overlap of b
cells to ensure correct setting
of refinement flags in parallel

Two options exist (we choose
the latter):

Global clustering
algorithm
Local clustering algorithm

and concatenation of new
lists G*T*



A parallel SAMR algorithm

Recomposition algorithm in parallel

For t=/+1 To Ir+1 Do

Copy Q*(t) onto (jb(t)
Set ghost cells of Q!(t)
Q' (1) == G (1)

G, =G,

Structured adaptive mesh refinement

Parallel SAMR method
e]e] lo}

Global redistribution can also
be required when regridding
higher levels and Go, ..., G; do
not change (drawback of
domain decomposition)

When ¢ > | do nothing special

For « < I, redistribute
additionally

Flux corrections 6F™*
Already updated time
level Q“(t + kKAL)



A parallel SAMR algorithm

Space-filling curve algorithm i
7

Calculation

Structured adaptive mesh refinement

Parallel SAMR method
oooe

pls

R
A6

Necessary domain of
Space-Filling Curve

[ ] Proc. 1 BXX] High Workload
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High-resolution methods
[ Jelele}
MUSCL and wave propagation

High-resolution methods

Objective: Higher-order accuracy in smooth solution regions but no spurious
oscillations near large gradients
Consistent monotone methods converge toward the entropy solution, but

Theorem
A monotone method is at most first order accurate.

Proof: [Harten et al., 1976]

Definition (TVD property)
Scheme HA9(Q";j) TVD if TV(Q'*!) < TV(Q') is satisfied for all discrete
sequences Q". Herein, TV(Q') := > ez |QJ'-+1 — QJ/| :

J

TVD schemes: no new extrema, local minima are non-decreasing, local maxima
are non-increasing (termed monotonicity-preserving). Monotonicity-preserving
higher-order schemes are at least 5-point methods. Proofs: [Harten, 1983]

TVD concept is proven [Godlewski and Raviart, 1996] for scalar schemes only
but nevertheless used to construct high resolution schemes.
Monotonicity-preserving scheme can converge toward non-physical weak
solutions.

Hyperbolic AMROC solvers 4



High-resolution methods
(o] Jele}
MUSCL and wave propagation

MUSCL slope limiting

Monotone Upwind Schemes for Conservation Laws [van Leer, 1979]

O | = oA, >
Qj‘i‘% - QJ (1 —(U) 1 %—{—(1—{—&)) % J+% )
~R

- QL1 Aj+1/2 = Qj+1 - an-

A
- — +1
¢ = rty), e =0, with rt | = 12
J—3 J—3 Jt5 JT35 J= AJ
and slope limiters, e.g., Minmod
®(r) = max(0, min(r, 1))
Using a midpoint rule for temporal integration, e.g.,
1 At

o = 12 (rp - 0L)

N

N[

+.
NI=

and constructing limited values from Q* to be used in FV scheme gives a TVD

method if . .
5 {(1 —w)P(r)+(1+w)ro (—)} < min(2,2r)
r
is satisfied for r > 0. Proof: [Hirsch, 1988]

Hyperbolic AMROC solvers 5



High-resolution methods
e]e] le}
MUSCL and wave propagation

Wave Propagation with flux limiting

Wave Propagation Method [LeVeque, 1997] is built on the flux differencing approach
ATA = Ai(qL,qR)Aq and the waves Wy, := amfm, i.e.

A"Dq= > AaWn, AtAq= > AnWn

Am<0 Am>0
Wave Propagation 1D:
Q" =Qf - % (A8 +48 ) - % (Fres —Fiy)
with
" 1 At 1 4 At . "
Fiog = o M (1 g 1) By = 2 Ayl (1= aehial) Wy

and wave limiter

j+3 +3 +3
with o
a’_”l/a’_"l, AT, >0,
Jt3 amg/am,, AT, <0
J*+5" Jt3 J+35

Hyperbolic AMROC solvers 6



High-resolution methods
[e]e]e] }
MUSCL and wave propagation

Wave Propagation Method in 2D

Writing fiiAjil/z = .A+Ajil/2 + IN:jil/Q one can develop a truly two-dimensional
one-step method [Langseth and LeVeque, 2000]

Q" =Qj - AA_th (A_Aﬁé,k B %AA_XZ [A_g_AJH,H% +A_B+Af+1’k_%] "
‘f_jz (B‘AJ,H; - %A—Xt BTA By B ATy ]
B8yt = 5 g (54 A *Bmmf—%’k—l})

that is stable for

N At 2 At
max|A . 1|—,max|A | 1|—5 <1, forallm=1,..., M
jez Mt Axy kez U MR Axy
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High-resolution methods
[}
Further methods

Further high-resolution methods

Some further high-resolution methods (good overview in [Laney, 1998]):
FCT: 2nd order [Oran and Boris, 2001]
ENO/WENO: 3rd order [Shu, 97]
PPM: 3rd order [Colella and Woodward, 1984]

3rd order methods must make use of strong-stability preserving Runge-Kutta
methods [Gottlieb et al., 2001] for time integration that use a multi-step
update

At

Q) =0, Q +B.Q 7+ 5 (F @) -F @)

with Q° := Q", a1 = 1, B =0; and Q" .= Q" after final stage T
Typical storage-efficient SSPRK(3,3):

N[

Q' =Q"+AtF(Q"), Q@ =>Q"+
2
3

3 1“'1 1 “'1
Z 7@+ AF(@Y,
; 1 ., 2x ~
Q+1:§Q +§Q2+ AtF(Q?)
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AMROC
[ Jole]
Overview and basic software design

Overview

“Adaptive Mesh Refinement in Object-oriented C++"

~ 46,000 LOC for C++ SAMR kernel, ~ 140,000 total C++, C,
Fortran-77

uses parallel hierarchical data structures that have evolved from DAGH
Implements explicit SAMR with different finite volume solvers
Embedded boundary method, FSI coupling

The Virtual Test Facility: AMROC V2.0 plus solid mechanics solvers
~ 430,000 lines of code total in C4++, C, Fortran-77, Fortran-90

autoconf / automake environment with support for typical parallel
high-performance system

http://www.vtf.website [Deiterding et al., 2006][Deiterding et al., 2007]

Hyperbolic AMROC solvers 10



Overview and basic software design

UML design of AMROC

NumericalScheme InitialConditions BoundaryConditions

Classical framework approach with +set_patch() +set_patch() +set_patch_boundary()
generic main program in C4++ o 1 /P

Customization / modification in LevelTransfer

. R . . 1 +restrict_patch()
Problem.h include file by derivation Clustering 1" 1| 1| lprolong_patch)
from base classes and redefining #find_boxes) | “o..1 HypSAMRSolver 0.1
. . . t st 1
virtual interface functions adeancs, el
. . Criterion +update_level() 1
Predefined, scheme-specific classes Tovaluate() *regrid() o1
provided for standard simulations 0.4 Fixup
1 .
+flux_correction()
Clawpack, WENO: Standard Flagging dF  |radd_fine_fluxes()
. . . . . +add fl
simulations require only linking to F77 +flag patch() [Sg.1 1 | +VectorofState 2dd conroe Txexd)
. L I i, data,fype I o
functions for initial and boundary T +riags SRR emThCdEE e
GridFunction >

conditions, source terms. No C+-+
knowledge required

1

+recreate_patches()

0..*"| " -follows distribution
1

Expert usage (algorithm modification,
advanced output, etc.) in C++

GridHierarchy

+set_new_boxes() P
+redistribute_hierachy() | 1 O-
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AMROC
ooe
Overview and basic software design

Commonalities in software design

/max

Index coordinate system based on Ax,; = [] r. to uniquely
k=I+1

identify a cell witin the hierarchy

Box<dim>, BoxList<dim> class that define rectangular regions G,

by lowerleft, upperright, stepsize and specify topological

operations N, U, \

Patch<dim,type> class that assigns data to a rectangular grid G,

A class, here GridFunction<dim, type>, that defines topogical
relations between lists of Patch objects to implement sychronization,
restriction, prolongation, re-distribution

Hierarchical parallel data structures are typically C++, routines on
patches often Fortran

Hyperbolic AMROC solvers 12



AMROC
[ JeleJe}
Classes

Hierarchical data structures

Directory amroc/hds. Key classes:

Coords: Point in index coordinator system

code/amroc/doc/html/hds/classCoords.html

BBox: Rectangular region

code/amroc/doc/html/hds/classBBox.html

BBoxList: Set of BBox elements

code/amroc/doc/html/hds/classBBoxList.html

GridBox: Has a BBox member, but adds level and partitioning
information

code/amroc/doc/html/hds/classGridBox.html

GridBoxList: Set of GridBox elements

code/amroc/doc/html/hds/classBBoxList.html

GridData<Type, dim>: Creates array data of Type of same dimension as
BBox, has extensive math operators

code/amroc/doc/html/hds/classGridData_3_01Type_00_012_01_4.html

Vector<Scalar, length>: Vector of state is usually Vector<double, N>

code/amroc/doc/html/hds/classVector.html

Hyperbolic AMROC solvers 13



AMROC
0000
Classes

Hierarchical data structures - 1l

GridDataBlock<Type, dim>: The Patch-class. Has a GridData<Type,
dim>member, knows about relations of current patch within AMR
hierarchy

code/amroc/doc/html/hds/classGridDataBlock.html

GridFunction<Type, dim>: Uses GridDataBlock<Type, dim>objects to
organize hierarchical data of Type after receiving GridBoxLists. Has
extensive math operators for whole levels. Recreates
GridDataBlock<Type, dim>lists automatically when GridBoxList changes.
Calls interlevel operations are automatically when required.

code/amroc/doc/html/hds/classGridFunction.html

GridHierarchy<Type, dim>: Uses sets of GridBoxList to organize
topology of the hierarchy. All GridFunction<Type, dim>are members and
receive updated GridBoxList after regridding and repartitioning. Calls
DAGHDistribution of partitioning. Implements parallel Recompose().

code/amroc/doc/html/hds/classGridHierarchy.html
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AMROC
(e]e] Jo}
Classes

AMR level

Directory amroc/amr. Central class is AMRSolver<VectorType, FixupType,
FlagType, dim>:

code/amroc/doc/html/amr/classAMRSolver.html

Uses Integrator<VectorType, dim> to interface and call the patch-wise
numerical update

code/amroc/doc/html/amr/classIntegrator.html

Uses InitialCondition<VectorType, dim > to call initial conditions
patch-wise

code/amroc/doc/html/amr/classInitialCondition.html

Uses BoundaryConditions<VectorType, dim > to call boundary
conditions per side and patch

code/amroc/doc/html/amr/classBoundaryConditions.html

Fortran interfaces to above classes are in amroc/amr/F77Interfaces,
convenient C++ interfaces in amroc/amr/Interfaces.

Implements parallel AdvanceLevel(), RegridLevel().

Hyperbolic AMROC solvers 15



AMROC
[eJe]e] }
Classes

AMR level - I

AMRFixup<VectorType, FixupType, dim> implements the conservative
flux correction, holds lower dimensional GridFunctions for correction terms

code/amroc/doc/html/amr/classAMRFixup.html

AMRFlagging<VectorType, FixupType, FlagType, dim> calls a list of
refinement criteria and stores results in scalar GridFunction for flags. All
criteria are in amroc/amr/Criteria

code/amroc/doc/html/amr/classAMRFlagging.html

LevelTransfer<VectorType, dim> provides patch-wise interpolation and
restriction routines that are passed as parameters to GridFunction

code/amroc/doc/html/amr/classLevelTransfer.html

AMRTimeStep implements time step control for a Solver

code/amroc/doc/html/amr/classAMRTimeStep.html

AMRInterpolation<VectorType, dim> is an interpolation at arbitrary
point location, typically used for post-processing

code/amroc/doc/html/amr/classAMRInterpolation.html

Hyperbolic AMROC solvers 16
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Clawpack solver
®00000
AMR examples

SAMR accuracy verification
Gaussian density shape )

R

p(x1,x)=1+e (
is advected with constant velocities 11 = u» = 1,
Po = ]., R = 1/4

Domain [—1,1] x [—1, 1], periodic
boundary conditions, te,g = 2

Two levels of adaptation with ri > = 2,
finest level corresponds to N x N uniform
grid

Use locally conservative interpolation

W

Q(,,W = ij + fl(Qf’-H,j - Qf‘—l,j) + f2(Qf',j+1 - Q?,j—l)

y .
X241 T X3

xy xi

1,141 — X1, 2.1 .
—_ to also test flux correction
2AX2,/

ith factor fi =
with factor f; 2B

This prolongation operator is not monotonicity preserving! Only applicable to
smooth problems.

code/amroc/doc/html/apps/clawpack_2applications_2euler_22d_2GaussianPulseAdvection_2src_2Problem_8h_source.html

Hyperbolic AMROC solvers 18



AMR examples

Clawpack solver

00000

SAMR accuracy verification: results

VanLeer flux vector splitting with dimensional splitting, Minmod limiter

N Unigrid SAMR - fixup SAMR - no fixup
Error Order Error Order | Ap Error Order Ap
20 0.10946400
40 0.04239430 | 1.369
80 0.01408160 | 1.590 | 0.01594820 0 0.01595980 2e-5
160 | 0.00492945 1.514 | 0.00526693 | 1.598 0 0.00530538 1.589 2e-5
320 | 0.00146132 1.754 | 0.00156516 | 1.751 0 0.00163837 1.695 | -le-5
640 | 0.00041809 | 1.805 | 0.00051513 | 1.603 0 0.00060021 1.449 | -6e-5
Fully two-dimensional Wave Propagation Method, Minmod limiter
N Unigrid SAMR - fixup SAMR - no fixup
Error Order Error Order | Ap Error Order Ap
20 0.10620000
40 0.04079600 1.380
80 0.01348250 1.598 | 0.01536580 0 0.01538820 2e-5
160 | 0.00472301 1.513 | 0.00505406 1.604 0 0.00510499 1.592 | 5e-5
320 | 0.00139611 1.758 | 0.00147218 1.779 0 0.00152387 1.744 | Te-5
640 | 0.00039904 | 1.807 | 0.00044500 1.726 0 0.00046587 1.710 | 6e-5
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Clawpack solver
(e]e] lelele)
AMR examples

Benchmark run: blast wave in 2D

Task [%] P=1 | P=2 | P=4 | P=8 | P=16

2D-Wave-Propagation [ ypdate by H() 86.6 | 83.4 | 76.7 | 64.1 51.9
Method with Roe's Flux correction 1.2 1.6 3.0 7.9 10.7
approximate solver Boundary setting 3.5 5.7 10.1 15.6 18.3
) Recomposition 5.5 6.1 7.4 9.9 14.0

Base grid 150 x 150 [yicc 29 | 32 28] 25 5.1
2 levels: factor 2, 4 Time [min 151.9 | 79.2 | 43.4 | 233 13.9
Efficiency [%] 100.0 95.9 87.5 81.5 68.3

——

After 38 time steps After 79 time steps

code/amroc/doc/html/apps/clawpack_2applications_2euler_22d_2Box_2src_2Problem_8h_source.html
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Clawpack solver
000@00
AMR examples

Benchmark run 2: point-explosion in 3D

Benchmark from the Chicago I = 4 solution
workshop on AMR methods, nnnnnnn —
September 2003

Sedov explosion - energy
deposition in sphere of radius 4
finest cells

3D-Wave-Prop. Method with
hybrid Roe-HLL scheme

Base grid 32°

. Imax = 5 solution
Refinement factor r = 2 —_— —

Effective resolutions: 1283
2563, 5123, 10243

Grid generation efficiency
Ntol = 85%

Proper nesting enforced
Buffer of 1 cell
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Clawpack solver
0000@0

AMR examples

Benchmark run 2: visualization of refinement
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AMR examples

Clawpack solver
00000e

Benchmark run 2: performance results

Number of grids and cells

/ Imax = 2 Inax = 3 Inax = 4 Inax =5
Grids Cells | Grids Cells | Grids Cells Grids Cells
0 28 32,768 28 32,768 33 32,768 34 32,768
1 8 32,768 14 32,768 20 32,768 20 32,768
2 63 | 115,408 49 | 116,920 43 125,680 50 125,144
3 324 | 398,112 420 555,744 193 572,768
4 1405 | 1,487,312 | 1,498 | 1,795,048
5 5,266 | 5,871,128
> 180,944 580,568 2,234,272 8,429,624
Breakdown of CPU time on 8 nodes SGI Altix 3000 (Linux-based shared memory system)
Task [%] lmax =2 lmax =3 Imax =4 Imax =5
Integration 73.7 77.2 72.9 37.8
Fixup 2.6 | 46 3.1 | 58 26 | 42 22 | 45
Boundary 10.1 79 6.3 78 51 56 6.9 78
Recomposition 7.4 8.0 15.1 50.4
Clustering 0.5 0.6 0.7 1.0
Output/Misc 5.7 4.0 3.6 1.7
Time [min] 0.5 5.1 73.0 2100.0
Uniform [min 5.4 160 ~5,000 ~180,000
Factor of AMR savings 11 31 69 86
Time steps 15 27 52 115

code/amroc/doc/html/apps/clawpack_2applications_2euler_23d_2Sedov_2src_2Problem_8h_source.html
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Clawpack solver
@00
Software construction

Components

Directory amroc/clawpack/src contains generic Fortran functions:

?d/integrator_extended: Contains an extended version of Clawpack 3.0
by R. LeVeque. The MUSCL approach was added, 3d fully implemented,
interfaces have been adjusted for AMROC. These codes are equation
independent.

code/amroc/doc/html/clp/files.html

?d/equations: Contains equation-specific Riemann solvers, flux functions
as F77 routines.

?d/interpolation: Contains patch-wise interpolation and restriction
operators in F77.

Directory amroc/clawpack contains the generic C++ classes to interface the
F77 library from 7d/integrator_extended with AMROC:

Clplntegrator<VectorType, AuxVectorType, dim >: Interfaces the F77
library from ?d/integrator_extended to Integrator<VectorType, dim>.
Key function to fill is CalculateGrid().

code/amroc/doc/html/clp/classClpIntegrator_3_01VectorType_00_OlAuxVectorType_00_012_01_4.html
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Clawpack solver
(o] Je]
Software construction

Components - |l

ClpFixup<VectorType, FixupType, AuxVectorType, dim >: The
conservative flux correction is more complex in the waves of the flux
difference splitting schemes. This specialization of
AMRFixup<VectorType, FixupType, dim>considers this.

code/amroc/doc/html/clp/classClpFixup.html

A generic main program amroc/clawpack/mains/amr_main.C
instantiates Integrator<VectorType, dim>, InitialCondition<VectorType,
dim >, BoundaryConditions<VectorType, dim >

code/amroc/doc/html/clp/amr__main_8C.html

Problem.h: Allows simulation-specific alteration in class-libary style by
derivation from predefined classes specified in ClpStdProblem.h

code/amroc/doc/html/clp/ClpStdProblem_8h.html

ClpProblem.h: General include before equation-specific C4++ definition
file is read that defines VectorType and provides Fortran function names
required by amroc/amr/F77Interfaces classes

code/amroc/doc/html/clp/ClpProblem_8h_source.html code/amroc/doc/html/clp/euler2_8h.html

Hyperbolic AMROC solvers 25



Clawpack solver
ooe
Software construction

Functions to link in Makefile.am

Interface objects from amroc/amr/F77Interfaces are used to mimic the
interface of standard Clawpack, which constructs specific simulations by linking
F77 functions. Required functions are:

init.f: Initial conditions.
physbd.f: Boundary conditions.
combl.f: Initialize application specific common blocks.

$(EQUATION) /rp/rpn.f and rpt.f: Equation-specific Riemann solvers in
normal and transverse direction.

$(EQUATION)/rp/fix.f, $(EQUATION)/rp/rec.f: Flux and
reconstruction for MUSCL slope limiting (if used), otherwise
dummy-routines/fIx.f and dummy-routines/rec.f may be used.

$(EQUATION) /rp/chk.f: Physical consistency check for debugging.

src.f: Source term for a splitting method., otherwise
dummy-routines/src.f can be linked.

setaux.f: Set data in an additional patch-wise auxiliary array, otherwise
dummy-routines/saux.f can be linked.
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WENO solver

Outline

WENO solver
Large-eddy simulation
Software construction
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WENO solver
0000
Large-eddy simulation

Favre-averaged Navier-Stokes equations

op 0

50,) = 0
ot + Oxn (pu )
o (P + 0 (PUkin + OknP — Thkn + Okn) =0
ot OXn
OpE o ,. ,_= _ - .
gt Oxn (Gn(PE + B) + Gn — Tojlij + 075) =0
9 69) + L (5%t + T + o)) =0
t OXn n n
with stress tensor 55 55 > B
- ~OUn Uy ~ Ouj
0= — Sh b,
Tk M(axk + 8x,,> 3'ut9xj "
heat conduction .
5 _ 5 oT
qn - 8X,, )
and inter-species diffusion )
- . oY
J = !
n P B

Favre-filtering

b= @ with  ¢(x,t; Ac) = / G(x — X/; Ac)¢(xl, t)dx/
p Q
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WENO solver
0000

Large-eddy simulation

Numerical solution approach

Subgrid terms o, o, of, are computed by Pullin’s stretched-vortex model
Cutoff A¢ is set to local SAMR resolution Ax;
It remains to solve the Navier-Stokes equations in the hyperbolic regime

3rd order WENO method (hybridized with a tuned centered

difference stencil) for convection
2nd order conservative centered differences for diffusion

Example: Cylindrical Richtmyer-Meshkov instability T

Sinusoidal interface between two gases hit by e
shock wave

Objective is correctly predict turbulent mixing

Embedded boundary method used to regularize \
apex \

AMR base grid 95 x 95 x 64 cells, r; 53 =2

~ 70,000h CPU on 32 AMD 2.5GHZ-quad-core
nodes

Hyperbolic AMROC solvers




WENO solver
00@0

Large-eddy simulation

Planar Richtmyer-Meshkov instability

> Perturbed Air-SF6 interface shocked and
re-shocked by Mach 1.5 shock

> Containment of turbulence in refined
zones

96 CPUs IBM SP2-Power3
WENO-TCD scheme with LES model

AMR base grid 172 x 56 x 56, ri > = 2,
10 M cells in average instead of 3 M

(uniform)
Task 2ms (%) | 5ms (%) | 10ms (%)
Integration 45.3 65.9 52.0
Boundary setting 44 .3 28.6 41.9
Flux correction 7.2 3.4 41
Interpolation 0.9 0.4 0.3
Reorganization 1.6 1.2 1.2
Misc. 0.6 0.5 0.5
Max. imbalance 1.25 1.23 1.30

code/amroc/doc/html/apps/weno_2applications_2euler_23d_2RM_
_AirSF6_2src_2Problem_8h_source.html
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WENO solver
[eJe]e] )

Large-eddy simulation

Flux correction for Runge-Kutta method

Recall Runge-Kutta temporal update
~ ~ At ~
v o__ n v—1 kiAu—1
Qf =, Q7 + 6,07 7"+, 1 AFK@TY
rewrite scheme as

Q= z% SLAF@ ) with 5, =1

Flux correction to be used [Pantano et al., 2007]
-
SFLIHL

1_57 2. 20 l_jd

v=2

T
IT #

v=v+1

1,/ = 1,141 1,/+1 1,/ =0 —
= _901F,-_1 j(Q0)7 5F +J = oF” + _ZSOUF,-_%J(QU 1)

1 U —
S| LI L o Z%}Fl”*;w,n (Q“ 1(t+HAt/+1))
2’

’_jaj ’_jaJ

Storage-efficient SSPRK(3,3):

U|a

1
2
3

Wik~ O P
WIND | = 52
wlmlHO\h—'éG

NI W = &
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WENO solver
[ Je]
Software construction

Components

Directory amroc/weno/src contains the Fortran-90 solver library:

generic: Implements the hybrid WENO-TCD method for Euler and
Navier-Stokes equations, characteristic boundary conditions. Code uses
F90 modules.

code/amroc/doc/html/weno/files.html

equations: Contains routines that specify between LES and laminar flow,
the criterion for scheme hybridization, source terms handled by splitting.

Directory amroc/weno contains the generic C++ class to interface the F90
library with AMROC:

WENOIntegrator<VectorType, dim >: Interfaces the F90 solver to
Integrator<VectorType, dim>. CalculateGrid() is called separately for
each stage of the Runge-Kutta time integrator.

code/amroc/doc/html/weno/classWENOIntegrator.html

WENOFixup<VectorType, FixupType, dim >: A specialized
conservative flux correction that accumulates the correction terms
throughout the stages of the Runge-Kutta time integrator.

code/amroc/doc/html/weno/classWENOFixup.html

Hyperbolic AMROC solvers



WENO solver
(o] J
Software construction

Components - |l

WENOInterpolation<VectorType, InterpolationType, OutputType,
dim >: Is a quite elaborate data collection class based on
AMRInterpolation<VectorType, dim>geared toward statistics processing
typical for turbulent simulations. Has run-time function parser.

code/amroc/doc/html/weno/classWENOStatistics.html

The interface otherwise follows the Clawpack integration closely:
Generic main program amroc/clawpack/mains/amr_main.C is re-used.

Problem.h: simulation-specific alteration of the C++ predefined classes
specified in WENOStdProblem.h

code/amroc/doc/html/weno/WENOStdProblem_8h.html

WENOProblem.h: Include required C++ class definitions definitions, all
Fortran function names defined in WENOStdFunctions.h

code/amroc/doc/html/weno/WENOProblem_8h_source.html code/amroc/doc/html/weno/WENOStdFunctions_8h.html

Interface objects from amroc/amr/F77Interfaces re-used and functions
linked in Makefile.am as with Clawpack integrator

Hyperbolic AMROC solvers



MHD solver

Outline

MHD solver
Ideal magneto-hydrodynamics simulation
Software design
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MHD solver
[ Jele]
Ideal magneto-hydrodynamics simulation

Governing equations

a—JrV()

ot 0
(‘38pu+v [putu—l— (,D-F—)I—Bt ] =

(Z)—E+V KpE+p+B—) —(u- B)B]

0
2

%—B—FV (u'B —B'u) =0

with equation of state

u? B2
—(~v—1 E_ ,— _ 2
p=(y )<p P 2)

The ideal MDH model is still hyperbolic, yet by re-writing the induction
equation, one finds that the magnetic field has to satisfy at all times t
the elliptic constraint

V-B=0.
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MHD solver
(o] le}

Ideal magneto-hydrodynamics simulation

Generalized Lagrangian multipliers for divergence control

Hyperbolic-parabolic correction of 2d ideal MHD model [Dedner et al., 2002]:

OpE
ot

Ox

Op  Opux = Opuy,
ot ox oy

=0

0 (pux) 0 [ ’ ( B.B> 2} 0
—r ——— ) = B?| + =— (puxuy — B\B,) =0
or T ax |PitP(Pt— » +ay(p” uy y)

0 (puy) 0 9 2 B-B 2
ot +a(puxuy_BxBy)+a_y puy+P p‘l‘T _By =0
0 (puz) 0 0
T + a (pUZUX — BZBX) + 8_y (pUZUy — BZBy) =0

KpE+p+ ?) ux—(u-B)BX]—{—% [(pE+p+ ?) uy—(u-B)By} =0

0B, 0 0
+ 9 + — (uyB« — Byuy) =0
Ay

ot ox

oB, 9] oY

—2 + = (uB, — By — =0

o tox (B~ Bay)+ 57
0B. + 0 (uxB, — B,uy) + 9 (u,B, — Byu;) =0

— \UxDz — Bz Ux — \uyb; — uz) =
ot ox dy * 7 Y

o 5 (OB 88y> o

ot + ( Ox + dy ) c2w
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MHD solver
ooe
Ideal magneto-hydrodynamics simulation

Orszag-Tang vortex

Adaptive solution on 50 x 50 grid with 4 additional levels refined by r, = 2
Initial condition

p(x,y,0) =7, u(x,y,0) = —sin(y), uy(x,y,0) =sin(x), u(x,y,0)=0
p(x,y,0) =~, B«(x,y,0) = —sin(y), By(x,y,0)=2sin(x), B,(x,y,0)=0

time=0 time=0 time

Multi-resolutioh criterion w
hierarchical thresholding
code/amroc/doc/html/apps/mhd_2applications_2eglm_22d_20rszagTangVortex_2src_2Problem_8h_source.html

Scaled gradient of p
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MHD solver
[ Jo)

Software design

Classes

Directory amroc/mhd contains the integrator that is in C++ throughout:

EGLM2D<DataType >: GLM method in 2d plus standard initial and
boundary conditions. Internal functions for flux evaluation, MUSCL
resconstruction, etc. are member functions.

code/amroc/doc/html/mhd/classEGLM2D.html

Is derived from SchemeBase<vector_type, dim >, which is designed for
the C++ interface classes in amroc/amr/Interfaces.

code/amroc/doc/html/amr/classSchemeBase.html

amroc/amr/Interfaces: Provides Schemelntegrator<SchemeType, dim
>, SchemelnitialCondition<SchemeType, dim >,
SchemeBoundaryCondition<SchemeType, dim > and further interfaces
that use classes derived from SchemeBase<vector_type, dim > as
template parameter. This provides a single-class location for new schemes
in C++.

code/amroc/doc/html/amr/classSchemeIntegrator.html code/amroc/doc/html/amr/classSchemeInitialCondition.html
Problem.h: Specific simulation is defined in Problem.h only. Predefined
classes specified in MHDStdProblem.h and MHDProblem.h similar but
simpler as before.

code/amroc/doc/html/mhd/MHDStdProblem_8h.html code/amroc/doc/html/mhd/MHDProblem_8h_source.html
Hyperbolic AMROC solvers



MHD solver

oe
Software design

Further hyperbolic solvers

amroc/rim: Riemann invariant manifold method. 2d implementation in
F77 with straightforward integration into AMROC.

code/amroc/doc/html/rim/files.html

amroc/balans: 2nd order accurate central difference scheme. 2d
implementation in F77 and excellent template for Fortran scheme
incorporation into AMROC.

code/amroc/doc/html/balans/files.html

Hyperbolic AMROC solvers
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Complex geometry
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Complex geometry
[}
Boundary aligned meshes

SAMR on boundary aligned meshes
Analytic or stored geometric mapping of the coordinates
(graphic from [Yamaleev and Carpenter, 2002])

Topology remains unchanged and thereby entire
SAMR algorithm

(S
RS
TR
i atstetes

Uy N bleis

:

Patch solver and interpolation need to consider
geometry transformation

Handles boundary layers well _ _
Overlapping adaptive meshes

[Henshaw and Schwendeman, 2003],
[Meakin, 1995]

Component grid 1, } I |

base grid 1

Idea is to use a non-Cartesian
structured grids only near
boundary

Refinement grids
interpolate from
~ . -t
refinements of a
different base grid

=
.

Very suitable for moving
objects with boundary layers

Component grid 2,

base grid 2 N

Interpolation between meshes
is usually non-conservative

e
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Complex geometry
[ Jele]
Cartesian techniques

Cut-cell techniques

Accurate embedded boundary method

VrRQrt =vrQ) - At (A2 FQ.)

J+1/2
_AJHEZ F(Q,j — 1)) ////
Methods that represent the boundary sharply:
Cut-cell approach constructs appropriate finite
volumes /
Conservative by construction. Correct 7

boundary flux

Key question: How to avoid small-cell time step restriction in explicit
metyhods?
Cell merging: [Quirk, 1994a]

Usually explicit geometry representation used [Aftosmis, 1997], but can
also be implicit, cf. [Nourgaliev et al., 2003], [Murman et al., 2003]
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Complex geometry
oeo
Cartesian techniques

Embedded boundary techniques

Volume of fluid methods that resemble a cut-cell technique on purely Cartesian mesh

Redistribution of boundary flux achieves conservation and bypasses time step
restriction: [Pember et al., 1999], [Berger and Helzel, 2002]

Methods that diffuse the boundary in one cell (good overview in
[Mittal and laccarino, 2005]):

Related to the immersed boundary method by Peskin, cf. [Roma et al., 1999]

Boundary prescription often by internal ghost cell values, cf.
[Tseng and Ferziger, 2003]

Not conservative by construction but conservative correction possible

Usually combined with implicit geometry representation

K. J. Richards et al., On the use of the immersed boundary method for engine modeling

Numerical methods for combustion research 6



Complex geometry
ooe
Cartesian techniques

Level-set method for boundary embedding

Implicit boundary representation via distance

: \ function ¢, normal n =V /|Vy|
* N Complex boundary moving with local velocity
. [[od w, treat interface as moving rigid wall

Construction of values in embedded boundary
cells by interpolation / extrapolation

Interpolate / constant value ex-

2w — u;j
trapolate values at /
w
X = X + 2g0n uj /

. . ] ] ] ]
Velocity in ghost cells + 1 1 1 T
Pi—1 pj pj pj—1
u=02w-n—u-n)n+ (u-t)t Uj—1 U 2w —u 2w — i
pj—1 pj pj Pi—1

=2((w—u)-n)n+u
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Complex geometry
[ 1o)

Implicit geometry representation

Closest point transform algorithm

The signed distance ¢ to a surface Z satisfies the eikonal equation [Sethian, 1999]
Vel =1 with ¢|. =0
Solution smooth but non-diferentiable across characteristics.

Distance computation trivial for non-overlapping elementary shapes but difficult to do
efficiently for triangulated surface meshes:

Geometric solution approach with plosest-point-transform algorithm
[Mauch, 2003]

59 —— Hlllie=

Normal to closest point

Numerical methods for combustion research 8
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Complex geometry
oce
Implicit geometry representation

The characteristic / scan conversion algorithm

Build the characteristic
polyhedrons for the surface mesh

For each face/edge/vertex

Scan convert the polyhedron.
Compute distance to that
primitive for the scan
converted points

Computational complexity.

O(m) to build the b-rep and
the polyhedra.

O(n) to scan convert the
polyhedra and compute the
distance, etc.

Problem reduction by evaluation
only within specified max. distance

[Mauch, 2003], see also
[Deiterding et al., 2006]

Numerical methods for combustion research
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Characteristic polyhedra for faces, edges, and vertices

A

~W

Slicing and scan conversion of apolygon




Complex geometry
®0000
Accuracy / verification

Accuracy test: stationary vortex

Construct non-trivial radially symmetric and stationary solution
by balancing hydrodynamic pressure and centripetal force per
volume element, i.e.

U(r)®

r

d
arPLr) = plr) S
For po = 1 and the velocity field Al —
2r/R if 0 < r< R/2, |
Ur)=a-< 2(1-r/R) ifR/2<r<R,
0 if r > R,

one gets with boundary condition p(R) = pg = 2 the pressure distribution

r’/R?+1—2log?2 if 0 < r< R/2,
p(r) = po+2poa® - r2/R2+3—4r/R+2log(r/R) if R/2<r<R,
0 if r > R.

Entire solution for Euler equations reads

p(x1,x2,t) = po, ur(x1,x2,t) = —U(r) sin, ur(x1,x2,t) = U(r) cosp, p(x1,x,t) = p(r)

X2 — X2,¢

for all t > 0 with r = \/(x1 — x1,¢)2 + (x2 — x2,c)? and ¢ = arctan
X1 — X1,c

Numerical methods for combustion research 10



Complex geometry
0e000
Accuracy / verification

Stationary vortex: results

Compute one full rotation, Roe solver, embedded slip wall boundary conditions
x1,c =0.5, x0c =05, R=0.4, teng =1, Ah=Axg = Axx =1/N, a = Rw

No embedded boundary

N Wave Propagation Godunov Splitting
Error Order Error Order
20 | 0.0111235 0.0182218
40 | 0.0037996 1.55 0.0090662 1.01
80 | 0.0013388 1.50 0.0046392 0.97
160 | 0.0005005 1.42 0.0023142 1.00

Marginal shear flow along embedded boundary, « = Rw, R = R, Uy =0

N Wave Propagation Godunov Splitting
Error Order Mass loss Error Order Mass loss
20 | 0.0120056 0.0079236 | 0.0144203 0.0020241
40 | 0.0035074 1.78 0.0011898 | 0.0073070 0.98 0.0001300
80 | 0.0014193 1.31 0.0001588 | 0.0038401 0.93 -0.0001036
160 | 0.0005032 1.50 5.046e-05 0.0018988 1.02 -2.783e-06
Major shear flow along embedded boundary, « = Rw, R = R/2, Uy =0
N Wave Propagation Godunov Splitting
Error Order Mass loss Error Order Mass loss
20 | 0.0423925 0.0423925 | 0.0271446 0.0271446
40 | 0.0358735 0.24 0.0358735 | 0.0242260 0.16 0.0242260
80 | 0.0212340 0.76 0.0212340 | 0.0128638 0.91 0.0128638
160 | 0.0121089 0.81 0.0121089 | 0.0070906 0.86 0.0070906
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Complex geometry
O0@00
Accuracy / verification

Verification: shock reflection

Reflection of a Mach 2.38 shock in nitrogen at 43° wedge

2nd order MUSCL scheme with Roe solver, 2nd order multidimensional
wave propagation method

T T T T
0.000 0.005 0.010 0.015 0.020 0.025 0.030

Cartesian base grid 360 x 160 cells on domain of
36 mm X 16 mm with up to 3 refinement levels
with r; = 2,4,4 and Ax;» = 3.125um, 38 h CPU

Numerical methods for combustion research

20

15

10

B I L B L ML I e e e
0 5 10 15 20

GFM base grid 390 X 330 cells on domain of
26 mm X 22mm with up to 3 refinement levels
with r; = 2,4,4 and Axc12 = 2.849um, 200 h
CPU



Complex geometry
000e0

Accuracy / verification

Shock reflection: SAMR solution for Euler equations

Ax. = 22.8 mm

ond order MUSCL scheme .|
with Van Leer FVS, dimen- -
sional splitting

Ax = 12.5mm Ax = 3.125mm

Numerical methods for combustion research 13



Complex geometry
0000e

Accuracy / verification

Shock reflection: solution for Navier-Stokes equations

No-slip boundary conditions enforced

Conservative 2nd order centered differences to approximate stress tensor and
heat flow

Ax. = 45.6 mm Ax. = 22.8 mm Ax. = 11.4 mm, SAMR

Numerical methods for combustion research 14



Complex geometry

Implementation

Embedded boundary method o™ S

EBMHypSAMRSolver

1 1
Multiple independent 11 L

EmbeddedBoundaryMethod objects 1 [EmbeddedBoundaryMethod
i +apply_boundary_conditions()
possible

HypSAMRSolver

Extra-/Interpolation 1

+calculate_in_patch()

Specialization of GFM boundary
conditions

The generic embedded boundary method is implemented in
GhostFluidMethod<VectorType, dim > and has a GFMLevelSet<DataType,
dim > and GFMBoundary<VectorType, dim > object.
code/amroc/doc/html/amr/classGhostFluidMethod.html code/amroc/doc/html/amr/classGFMLevelSet.html
code/amroc/doc/html/amr/classGFMBoundary_3_01VectorType_00_012_01_4.html

Multiple GhostFluidMethod<VectorType, dim > can be registered with
AMRGFMSolver<VectorType, FixupType, FlagType, dim > and are called as
part of the boundary condition setting routine.

code/amroc/doc/html/amr/classAMRGFMSolver.html

Interface classes to GFMLevelSet<DataType, dim > and
GFMBoundary<VectorType, dim > are available amroc/amr/F77Interfaces and
in amroc/amr/Interfaces

code/amroc/doc/html/amr/classF77GFMBoundary.html code/amroc/doc/html/amr/classSchemeGFMBoundary.html IMa ke
the approach available to all current solvers

For instance code/amroc/doc/ntml/clp/ClpStdGFMProblen_gh.html OF
code/anroc/doc/html/weno/WENOStdGFMProblen_sh.htm1 IN Problem.h uses AMRGFMSolver< >
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Outline

Combustion
Equations
Upwind schemes for combustion
Tests with one-step chemistry
Shock-induced combustion with real chemistry
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Combustion
@00
Equations

Governing equations for premixed combustion

Euler equations with reaction terms

opi 0 o
E_Fa_x,,(p'u")_w” i=1,...,K
2(Puk)+ 0 (Pukun+5kp):0 k=1,...,d
ot OXn n ’ ’ ’

0

a(pE) + 8an(un(,oE +p) =0

Ideal gas law and Dalton’s law for gas-mixtures

K K & % K o
P(Pl,---,pK,T)ZZPiZZpiWTZPWT with > pi=p,Yi="=
i—1 i—1 i i—1 p

Caloric equation
K T
h(Yi,..., Y, T) =Y Yihi(T) with h(T)= h?+/ cpi(s)ds
i=1 0
Computation of T = T(py, ..., pk,e) from implicit equation

K K
S pihi(T)=RTS 2L _ pe=0
i=1 = Wi

for thermally perfect gases with ~;(T) = c,i(T)/ci(T)
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Equations

Combustion
(o] Jo}

Chemistry

Arrhenius-Kinetics:

wi

_ jZM;(uj,- —vf) [kjf f[l(

" vl
)’”—ij(ﬁn) J] i=1,....K

Pn
W,

Parsing of mechanisms with Chemkin-I|

Evalutation of w; with automatically generated optimized Fortran-77
functions in the line of Chemkin-II

Integration of reaction rates: ODE integration in SU) for Euler equations with

chemical reaction

Standard implicit or semi-implicit ODE-solver subcycles within each cell

p, €, ux remain unchanged!
at,O;ZVV,'dJ,'(pl,...,pK,T) i:].,...,K

Use Newton or bisection method to compute T iteratively.
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Equations

Combustion
ooe

Hyperbolicity of the homogeneous equations

Consider Jacobian A1(q) = of1(q)/0q

u(l —vq)
—u1Yp

—u1Yk_1
—up YK2
4)1 — U
—uyup

L u1(¢1 — H)

Ai(q) =

with

8p,' 2

Eigenvalues of

—u Y
u1 (1 —Yp)

o 2
P :&(“——h,-)ﬂR,-T:: ¢; und

Ai(q)

{u1 —a,u,...,u1,u1 + a}.
The system is hyperbolic, if the frozen speed of

sound a is given by

—u Y
—urYp
up(l — Yg_1) -1 Yk_1
—u1 Yk u(l — Y;2<)
¢’K — Uy
—uyup
up(dx — H)
op 1. %
= =0—1=7
OE
are 1-rarefaction

K
0
3’ = (—”) =" Yigi—+iH =~2 > 0.
s.Yi =1 P

op

is real.

Numerical methods for combustion research
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(3 —u
up

~ 2

H — Jug

—Fuy
uy
—Huyup

Yi=Yir

o o

yur

contact discontinuity

K + d + 1-shock

- T

Empirical argument: 0:Y; 4+ u; 0xY; =0



Combustion
@00000
Upwind schemes for combustion

Steger-Warming flux vector splitting

f(a)* =RA*R™'q  f(q)” =RA"R'q

YlTi
: 5:t:>\2i:...:)\f+d’
YKTZI:
+ et rE = AF 426F(y—1)
f*(a) = A*(a)a = 2£ s ng with b
v 2 +>\K+d+1’
: €:|: —\F _ )\t )
ud,r:l: 1 K+d+1

Hr* — ujaé® — 2% a2
The corresponding stability condition is

C2Y = max(|uy j| + a;) < 1
JEZ

[Grossmann and Cinella, 1990, Larrouturou and Fezoui, 1989, Liu and Vinokur, 1989]

code/amroc/doc/html/clp/rpleurhokswg.f_fsource.html
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Combustion

O@0000
Upwind schemes for combustion
Van Leer flux vector splitting
— Y]_ -
: 2
Yk H=h+ ”? ,
f:l:(q) — Zl:ﬁ(U]_ + 3)2 up — (U]_ + 23)/7 with
4a u2 h/a>
: ¢=7 + 2h/a?
Uq
H — ¢(u1 F a)?

The splitting is explicitly constructed for —a < u; < a. Otherwise, we use
f(a)* =f(q), f(a)~ =0 ifu1>a
fla)~ =f(a), f(a)" =0 ifuy<-a
Stability condition
Cepr = max [(|unjl + /) 1] % <1
v+ 3
with ;= 1271 + u,j(3 — )/

if |u1’j| < aj,

otherwise .
[Shuen et al., 1990, Liu and Vinokur, 1989, Larrouturou and Fezoui, 1989,

Grossmann and Cinella, 1990] code/amroc/doc/html/clp/rpleurhokvlg.f_fsource.html
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Upwind schemes for combustion
Roe solver
Roe averages p, i, 7, A W, T, b & Y
1 Tr 1 Tr
Define ¢y = ——— Gi(T)dr, &= ——— ci(t)dr
=g e = [ e

M M
Af :=f(q,) — f(q,) = ZamAm(ﬁ)rm(ﬁ) with Aq:=q, —q, = Zamrm(ﬁ) .
m=1

m=1

With matrix of right eigenvectors

i Y1 1 o ... 0 0 0 Y1
0
0
Rl(q): Yk 0 0 1 0 0 Yk
uy — a up u 0 0 u + a
u u u» 1 0 u>
us u3 u3 0 1 u3
H— ua u2—@ u2—¢TK u u3 H+wma
L Y Y

and evaluating R_I(Q)Aq one gets the characteristic wave strengths eventually as

Ap F palu o, Ap .
oy aii = Api — Yi— , akin = pAu, .

a1, dK+d+1 = ~
a
code/amroc/doc/html/clp/rpleurhok.f_fsource.html
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Upwind schemes for combustion

Roe solver - fixes

Mass fraction positivity: Calculate numerical fluxes of partial densities by
[Larrouturou, 1991]

Yir, Fpla,q5)>0
* — . Lo TPARL AR ’
Fi(a,,ag) = Fola,, ag) { Yir, Fpla;,ag) <0.

to ensure positivity of Y;.
Example: Mass fraction for a typical Riemann problem after 1 time step with the Roe

solver
1.004 [ ‘ ‘ p
s 1 1
>
0.996 | ‘ ‘ .
2 25 3
0.004 | ‘ ‘ ]
q 0 ]
T
>_
-0.004 | ‘ ‘ 1
2 25 3

x [cm]

Further: Switch from Roe to HLL scheme near vacuum state to avoid unphysical
values.
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Upwind schemes for combustion

Combustion

[e]e]e]e] le}

Roe solver - entropy and carbuncle fix

2D  modification of entropy cor-
Entropy corrections [Harten, 1983] rection (here  named EF  3)
[Harten and Hyman, 1983] [Sanders et al., 1998]:
|s. | ifls,| > 2n
|3,] = 12| _ Lits i+1i+d
Tl otherwise :
n= %maxb{|sL(qR)—SL(qL)|} i+ 3.
Replace |s,| by |3,| only if :
si(a,) <0<s.(ag) -3 i+1i-1

77/+1/2,j = max {77i—|-1/2,ja77i,j—1/2a 77i,j+1/2a77i+1,j—1/2777i+1,j+1/2}

Roe + EF 1. Exact Riemann solver
Carbuncle phenomenon I: I: E
[Quirk, 1994b] . . &
Test from Z Z ;
5 25 30 0 5 10 15 20 25

[Deiterding, 2003]

SW FVS, VL FVS, HLL, Roe + EF 3

30

code/amroc/doc/html/apps/ 10 = 10
\ A\N7; = S
. 8l \ S S 8
clawpack_2applications_2euler_ > SN 4 -
6 R T~ ( N 6
_znd_22d_2Carbuncle_2src_ 4 //// ) L 7 4
! W = :
2Problem_8h_source.html (/ ¢\\Q\‘ )
% 5 10 15 20 25 30 % 5 10 15 20 25
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Upwind schemes for combustion

Riemann solver for combustion

~ A A

Calculate standard Roe-averages p, 0,, H, Y;, T.
e 1 TR
Compute 4 := &, /&, with &(,/}i = ——— cipwyi(T) dT.
Te =T, N

Calculate (;AS,- =/ -1) (% — i),) + 4 R; T with standard Roe-averages &; or h;.

~ K & 4 . o ~ N\ 1/2
Calculate 3 := (Zi:l Yioi — (F — D)a" + (§ — 1)H) .
Use Aq = q, — q, and Ap to compute the wave strengths a,.

K+d

Calculate W, = a/#,, W, = E at, Wy =ag g itiian:
L=2

Evaluate sy = ih — 3, sp = i, s3 = i1 + a.

Evaluate pf g, Ui | /g €[/r 3[/r froma] =q, + W, and q, = q, — W;,.
If pZ/R < 0or eZ‘/R < 0 use Fy1(q,,q;) and go to (S12).

Entropy correction: Evaluate |3, |.

FRoe(qL7 qR) = % (f(q/_) + f(qR) - 3:1 |§L|WL)
Positivity correction: Replace F; by

* \/il7 szoa
Fi _FP‘{ Y, F,<0.

Evaluate maximal signal speed by S = max(|s1], |s3]).

code/amroc/doc/html/clp/rpleurhokefix.f_fsource.html
code/amroc/doc/html/clp/rpleurhokefixg.f_fsource.html
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Tests with one-step chemistry

/ND Detonation Model with Simplified Chemistry

Assume a stationary 1D detonation with irreversible reaction
A— B
with energy release go = —AhA® and kf(T) = Kexp(—Ea/RT).
Simplified Kinetics Wawa = —Kpa exp(—Ea/RT), Wgwg =—Wawa
With y4 = ~p the equation of state is p(pa, ps,€) = (v — 1) (pe — pa qo)
Integration of the stationary 1D Euler equations
Ou(pu') =0,  Bu(pu>+p)=0, 8y [U/(pE+p)] =0
D) = Kp(1 — X)exp(—E} p/p)

/

v =1.2,E" =50, gy = 50

o =18 e

p u 10 f=1.0 ——

gives for )\, the mass fraction of the product B,

d _E} p(0)/p()
2 = K(l—A,)exp( AL =),

e /O T FM©)) de = A()

Dc; is the minimal detonation velocity. The overdrive-

parameter f = (D/Dc;y)? > 1 determines stability.

Normalization: .
[ B /2 dA
V27 o FON
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Tests with one-step chemistry

Unstable ZND Detonation
N~ =12, ET =50, go = 50, f = 1.6, CFL = 0.9

quasi-stationary moving
100 100 T T T T T T - -
90 80 B
% ®0 \/W\/\/\/\A/\J |
o o
70 40 + ]
60 20 1
50 L L L L L L O L L L L L L L b
0 10 20 30 40 50 60 70 350 300 250 200 150 100 50 0
t X
Peak pressure Peak pressure
100 T T T T 100 T T - -
99 t R 99 t .
98 | 98 | )
97 + 97 +
o 96 ] o 9 \
Y
95 T 95 HLL
'\R/OG'ELL I'E:F\:/g 77777777777 Steger-Warming FVS -
9 Moocimiter 1 94 | Roe EF 3
v |nE10 —l!m!ter . Exact Riemann solver
93 + an e;ar—t|m(|jer < 93 Minmod-limiter =
st order Van Leer-limiter o
92 L L 1) L L 92 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Relative mesh spacing Relative mesh spacing

code/amroc/doc/html/apps/clawpack_2applications_2euler__znd_21d_2StatDet_2src_2Problem_8h_source.html
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Tests with one-step chemistry

Comparison of FV Schemes: MUSCL, Van Albada-limiter

f = 3.0, 40 Pts/Ly 5

AU

Van Leer FVS, DimSplit ~ Roe-HLL EF 3, DimSplit Roe-HLL EF 3,

WaveProp




Tests with one-step chemistry

Combustion

Comparison of FV Schemes - ||

Van Leer FVS, DimSplit

[e]e]e] ]

v =12, E=10, go = 50, f = 1.2, 40 Pts/L,

J\'

=21 S

/
)\

Roe-HLL EF - 3% H,
DimSplit

\
B
Roe-HLL EF 3*-H,

WaveProp

code/amroc/doc/html/apps/clawpack_2applications_2euler__znd_22d_2StatDet_2src_2Problem_8h_source.html

Numerical methods for combustion research



Combustion

00000

Shock-induced combustion with real chemistry

Detonations - motivation for SAMR

Extremly high spatial resolution in reaction zone necessary.
Minimal spatial resolution: 7 — 8 Pts/li; — Axy ~ 0.2 — 0.175mm

Uniform grids for typical geometries: > 107 Pts in 2D, > 10° Pts in
3D — Self-adaptive finite volume method (AMR)

3000 3000
1 0.014 1 0.014
1 0.012 1 0.012
2500 | 2500 |
%3 1001 IX 1001
g P opQ - 9
& 2000 | 10008 B8 2000 | 10008 3
5 £g £
g 10006 @g {0006 @
S 28 2
F o aso0 | 1 0.004 1500 | { 0.004
1 0.002 1 0.002
1000 : : RS 0 1000 s LN 0
6.28 6.32 6.36 6.4 59 5.94 5.98 6.02
X4 [cm] X4 [cm]

Approximation of Hy : Oz detonation at ~ 1.5 Pts//j; (left) and ~ 24 Pts/l;; (right)
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Shock-induced combustion with real chemistry

Detonation ignition in a shock tube

Shock-induced detonation ignition of Hy : Oz : Ar mixture at molar ratios
2:1:7 in closed 1d shock tube

Insufficient resolution leads to inaccurate results

Reflected shock is captured correctly by FV scheme, detonation is
resolution dependent

Fine mesh necessary in the induction zone at the head of the detonation

1.0 T T T T T 1.0 . .
Pressure
0.9 + Ax4=6.25pym —— B T —
Ax11=100 11— : ; 0.9 Level
0.8 | Axy=200 pm - 1 0.8 f
T 0.7 : . 1e 07F
s 06 15 o6
[0} 4
; 0.5 g 05 H
g 04p — 1 é 04t #
02| L 102} ot o
01 r ﬂ 0.1 i 1
45 5 5.5 6 6.5 7 4 4.5 5 5.5 6 6.5 7 7.5 8
X4 [cm] x4 [cm]

Left: Comparison of pressure distribution t = 170 us after shock reflection.Right:
Domains of refinement levels
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Shock-induced combustion with real chemistry

Non-equilibrium mechanism for hydrogen-oxgen combustion

Combustion

00000

A Eact
[cm, mol, s] B [cal molfl]
1. H+Og — O+OH 1.86 x 1014 0.00 16790.
2. O+ OH ——  H+ 04 1.48 x 1013 0.00 680.
3. Hy 4O ——» H+OH 1.82 x 1010 1.00 8900.
4  H+ OH — Hg+O 8.32 x 1099 1.00 6950.
5. H0+O ——» OH+OH 3.39 x 1013 0.00 18350.
6. OH+ OH —  H30+O0 3.16 x 1012 0.00 1100.
7. HoO+H ——»  Hg + OH 9.55 x 1013 0.00 20300.
8. Ho + OH —»  HyO+H 2.19 x 1013 0.00 5150.
9. Hy09+OH ——»  Hy0+HO5  1.00 x 1013 0.00 1800.
10.  HoO + HO9 ——»  HgO9 +OH  2.82 x 1013 0.00 32790.
3. OH+M — O+H+M 7.94 x 1019 —1.00 103720.
3. Og+M —  O0+4+0+M 5.13 x 1019 0.00 115000.
3. 0+0+M ——  Og9+M 4.68 x 1015 —0.28 0.
3. Ho+M — H+H+M 2.19 x 1014 0.00 96000.
3. H+H+M —  Ho+M 3.02 x 1019 0.00 0.

Third body efficiencies: f(Og) = 0.40, f(H5O) = 6.50

[Westbrook, 1982]
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Shock-induced combustion with real chemistry

Detonation ignition in 1d - adaptive vs. uniform

Uniformly refined vs. dynamic adaptive simulations (Intel Xeon 3.4 GHz CPU)

Uniform Adaptive
Axq[pm] Cells | tm[us] | Time [s] || Imax r | tmlus] | Time [s]
400 300 166.1 31
200 600 172.6 90 2 2 172.6 99
100 1200 175.5 277 3 2,2 175.8 167
50 2400 176.9 858 4 2,22 177.3 287
25 4800 177.8 2713 4 2,24 177.9 3903
12.5 9600 178.3 9472 5 2,2,2,4 178.3 696
6.25 19200 178.6 35712 5 2,244 178.6 1370
Refinement criteria:
~ 12 Pts/l;
10 Unifbrm ‘ ‘ 1 0.014 \/I 5\/1 . 10_4 n'\‘/ : 10_3
0.9 t Adaptive ; ’ L
08 " S R Y P O2 10.0 2.0
7 07 1 001 H>0O 7.8 8.0
% 22 | o008 = H 0.16 5.0
2 04l | oo > O 1.0 5.0
& o3} | o004 OH 1.8 5.0
02t Hs 1.3 2.0
o | 0.002 3
‘ ‘ ‘ ‘ o €p = 0.07kgm™", ¢, = 50kPa
5.95 5.97 5.99 6.01 6.03 6.05

code/amroc/doc/html/apps/clawpack_2applications_
2euler__chem_21d_2ReflecDet_2src_2Problem_8h_source.
html

X4 [cm]
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Shock-induced combustion with real chemistry

Shock-induced combustion around a sphere

Spherical projectile of radius 1.5 mm travels with constant velocity
v = 2170.6 m/s through Ha : Oz : Ar mixture (molar ratios 2:1:7) at 6.67 kPa
and T =298K

Cylindrical symmetric simulation on AMR base mesh of 70 x 40 cells

Comparison of 3-level computation with refinement factors 2,2 (~ 5Pts/l;;) and
a 4-level computation with refinement factors 2,2,4 (~ 19Pts/l;;) at t = 350 us

Higher resolved computation captures combustion zone visibly better and at
slightly different position (see below)

0.90 0.90

0.80= 3 0.80

0.70 0.70

0.60-= 0.60

0.50 0.50

0.40= 3 0.40

0.30= 0.30

0.20 0.20

0.10= = 0.10

0,,00; g T T T T T T T 0,500 \/— T T T T T T T
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

Iso-contours of p (black) and Yp, (white) on refinement domains for 3-level (left) and 4-level
computation (right)

code/amroc/doc/html/apps/clawpack_2applications_2euler__chem_22d_2Sphere_2src_2Problem_8h_source.html
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Shock-induced combustion with real chemistry

Combustion around a sphere -

Refinement indicators on [ = 2 at t = 350 us.
Blue: €,, light blue: €,, green shades: ng,l_,

red: embedded boundary

L L

0.90

0.80

0.70

0.60

0.50

0.40

0.30

0.20

0.10

Dkl L
0.00 -

T
-0.4 -0.2 0.0 0.2 0.4 0.6

ey Bl i
013 ].‘0 112

Parallel performance

100 T - -
Total time ——
Ideal -
@
%) 10
£
1

1 2 4 8 16
CPU

Numerical methods for combustion research

32 64

128

E

Combustion
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adaptation

Refinement criteria:

Y; Sy, -107* 1y, 10—4
O2 10.0 4.0
H2O 5.8 3.0

H 0.2 10.0

O 1.4 10.0
OH 2.3 10.0
Ho 1.3 4.0

€p = 0.02kgm~3, ¢, = 16 kPa

Scaling of different code portions

10
@
& 1
E
Fluid dynamics —— -
Chemical kinetics - =
Boundary setting -
Embedded boundary e
01 ) Recompositign e ‘ ‘
Y 2 4 8 16 32 64 128
CPU
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Outline

Detonation simulation
Detonation structures

Combustion with viscous terms
Combustion induced by projectiles
Finite volume scheme

Higher order schemes
Hybrid methods
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Detonation simulation
0000000000000 00000
Detonation structures

Planar ZND Structure

Steady situation under Galilean transforma-

tion: |
0 N—o |
9 (PU) = |
) ol p/0.35 kg/m® —— |
u/1300 m/s ---------
; ( "’ + ) 0 | Pﬁ%?)‘)fp'; I .
pU p — Y =
ox’
o [ —
(u'pH) =0 N =
aX/ Y(H202)/6.0e-6
06
' L Y o o
W' wi 1 L. YK T N
oy, _ T Pwy Py 02k
ox’ o : ,

CJ-detonation of Hs : Os : Ar with molar ra-
tios 2 : 1 : 7 at To = 298K and py =
6.67 kPa, d., ~ 1627 m/s.

ty ~ 3.55us, u =~ 395.5m/s, lg

vN

0.14 cm. 1 0

Q

Cf. code/amroc/doc/html/apps/clawpack_2applications_2euler__chem_21d_2ModelDetonation_2src_2Problem_8h_source.html
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Detonation simulation
O@0000000000000000
Detonation structures

Trajectory
........... *
Mach stem
Transverse
wave —X«— Triple point
T
Head of L
reaction — . Incident ™.
zone shock

L

E: Reflected shock. F: Slip line. G: Diffusive extension of slip line.
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Detonation simulation
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Detonation structures

Transverse detonation structure - irregular instability
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Detonation simulation
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Detonation structures

Simulation of regular structures

» CJ detonation for Hy : Og : Ar
(2:1:7) at To = 298K and
po = 10kPa, cell width 1.6cm

> Perturb 1d ZND solution with
unreacted high-pressure pocket
behind front

» Triple point trajectories by
tracking max |w| on auxiliary mesh

shifted through grid with CJ
ov  OJu

velocity. w = — — —

Ox Oy

» SAMR simulation with 4
additional levels (2,2,2,4),
67.6 Pts/ljg

» Configuration similar to Oran et

al., J. Combustion and Flame
113, 1998.

Fixed wall E
E=l

—
Symmetry 3

code/amroc/doc/html/apps/clawpack_2applications_2euler__chem_22d_2StrehlowH202_2StatDet_2src_2Problem_8h_source.

Outflow
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Detonation simulation
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Detonation structures

Detonation diffraction

CJ detonation for

Hy: 02 :Ar/2:1:7 at

To =298 K and pg = 10kPa.
Cell width A\¢ = 1.6cm

Adaption criteria (similar as
before):

Scaled gradients of p and

p E. Schultz. Detonation diffraction through an abrupt area expan-
. . . sion. PhD thesis, California Institute of Technology, Pasadena,
Error estimation in Y; by California, April 2000.

Richardson extrapolation

25Pts/lig. 5 refinement levels

(2,2,2,4).
Adaptive computations use up to
~ 2.2 M instead of ~ 150 M cells ==
(uniform grid) i

~ 3850h CPU (~ 80h real time)
on 48 nodes Athlon 1.4GHz
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Detonation simulation
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Detonation structures

Detonation diffraction - adaptation

Final distribution to 48 nodes and density distribution on four refinement levels

code/amroc/doc/html/apps/clawpack_2applications_2euler__chem_22d_2Diffraction_2src_2Problem_8h_source.html

Detonation simulation




Detonation simulation
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Detonation structures

Triple point analysis

Double Mach reflection structure shortly before the next collision

2.80

2.70

2.60

2.50

2.40

2.30

~. ~SLIP LINE
L

M
5.078
0.477
1.153
1.533
1.053 WEAK STRONG
0.880
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Detonation simulation
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Detonation structures

Shock polar analysis of triple points in detonations

Neglect reaction, but consider c,;(T)
Data extracted point-wise from simulation

Primary triple point T travels exactly at tip of Mach
stem — use oblique shock relations between A and B

PAUA sin(¢3) = pPBUB sin(¢3 — 93) y
pa+ pauzsin®(¢g) = ps+ peugsin’(¢s — 0p)

1 ps(Ps — Pa)
singg \| palps — pa)
Measure inflow angle ¢g between Mach stem and triple point trajectory

to evaluate inflow velocity as ug =

Velocity a of T’ relative to T cannot be derived that easily: Oblique shock
relations across C and D hold true both in frame of reference for T and T’

PC (UC,n - an) = PD (UD,n — an)
pc + pc (uc,n — an)2 = pp+pp (up,n — a,,)2 —an =0, a arlLJitrary
uc,t —at = Up,t —at Estimate a; = R
1 1 tinit
hC+§ (UC,n_3n>2 = hD—l_E (UD,,,—an)2

Detonation simulation 10



Detonation simulation
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Detonation structures

Detonation propagation through pipe bends

2D Simulation of CJ detonation
for Ho : O2 : Ar/2:1:7 at

To =298 K and pg = 10kPa.
Tube width of 5 detonation cells

AMR base grid 1200 x 992. 4
additional refinement levels
(2,2,2,4). 67.6Pts//,-g

J
Adaptive computations use up to \ / "
7.1-100 cells (4.8 - 10° on highest / )
level) instead of 1.22 - 10° cells

(uniform grid)

~ 70,000h CPU on 128 CPUs
Pentium-4 2.2GHz

Detonation simulation



Detonation simulation
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Detonation structures

Triple point tracks

. . - J/ >
Slight overdr1v§ PP S ;‘{': I] b,
decreases cell size g ./_‘;”. o it 51 ﬂ;f
12 %%
% é 25
f'l{
@
ML
i@
e & i
— e (4173
Mach reflection, high ,.m ¢~ L & o
) > 1 ) 32 Re-ignition
overdrive, structure iy 7 .
disabnears <) }ﬁ_’?’:—' with transverse
PP i ; detonation

Detonation failure

@ = 15° (left, top), ¢ = 30° (left, bottom), and ¢ = 60° (right)

code/amroc/doc/html/apps/clawpack_2applications_2euler__chem_22d_2PipeBend_2src_2Problem_8h_source.html

Detonation simulation 12



Detonation simulation
0000000000 @0000000

Detonation structures

Triple point structures — ¢ = 15°

Triple point re-initiation after
bend with change from
transitional to Double Mach
reflection

Detonation simulation 13



Detonation simulation
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Detonation structures

Triple point structures — ¢ = 30°

20 25 30 35 40

Triple point quenching and
failure as single Mach
reflection

Detonation simulation 14




Detonation simulation
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Detonation structures

Transition criteria

Solve system of oblique shock rela-
tions numerically and determine transi-
tion boundaries [Ben-Dor, 2007].

Regular reflection (RR): M} <1

Single Mach reflection (SMR):
MI <1and M >1

Trar)sitional Mach reflection:
ML <1land ML >1

Double Mach reflection: M(_T/ >1
and I\/ICT >1

Here: Nonreactive Hs : Og : Ar
mixture at initially 298 K and

TMR/DMR transition for a; = 100m/s

Non-reactive shock wave reflection
theory seems applicable to predict

10kPa . .
local triple point structure and
For detonations: stability
S .— pPc — PD Triple point type is determined solely

PD by S and M. Useful to determine type
in underresolved situations.

[Deiterding, 2011]

Detonation simulation 15



Detonation simulation
0000000000000 e0000
Detonation structures

Triple point structures, ¢ = 15

Strong DMR structure in diffraction region behind bend,
S =1.062

TMR structure in compression region shortly behind
bend, S = 0.338

450

- 1
\ /A
E i P
p/pa | r/ra | TIK] | v[m/s] M

A | 1.00 | 1.00 208 1835 | 5.249
B | 33.77 | 433 | 2326 447 | 0.469 p/pa | r/ra | TIK] | v[m/s] W
C 33.12 5.80 1701 1111 1.355 A 1.00 1.00 208 1908 5 459
D 16.06 3.67 1304 1363 1.889 B 34.14 421 2418 647 0.666
E | 66.90 | 9.10 | 2191 758 | 0.818 C | 3549 | 495 | 2135 929 | 1.015
F | 57.94 | 7.64 | 2259 668 | 0.710 D | 2653 | 4.09 | 1934 1085 | 1.243
G | 3528 | 341 | 3235 699 E | 3491 | 488 | 2134 938 | 1.025
H | 38.98 | 3.41 | 3589 593
| | 23.66 | 2.37 | 3149 969
J | 1358 | 1.67 | 2570 1347

Detonation simulation



Detonation simulation
0000000000000 0e000

Detonation structures

Triple point structures

TMR structure in marginal region near limit of deton-

ability, ¢ =30, S = 0.338

2.60]

3.50 3

E //

p/pa | r/ra | TIK] | vm/s] | M
A 1.00 1.00 298 1424 | 4.073
B 18.97 3.83 1475 502 | 0.656
C 18.73 | 4.30 1297 726 | 1.009
D 14.00 3.58 1167 848 1.240
E 19.08 4.20 1352 744 1.014

Detonation simulation

Re-ignition with strong DMR and transverse detonation,

@ =45, S = 1.377

15.8

15.6

15.4

15.2

15.0

14.6

14.44

p/pa | r/ra | T[K] | v[m/s] M

A 1.00 1.00 208 1812 5.186
B 32.58 4.27 2272 456 | 0.483
C | 33.23 6.21 1594 1156 | 1.454
D | 13.98 3.58 1162 1446 | 2.119
E 31.54 6.30 1492 1208 1.569
F 16.13 4.14 1161 1393 2.042
G 41.63 7.45 1665 1034 1.274
H 30.57 6.31 1443 1180 1.557
I 14.11 3.85 1092 1431 2.161
J 77.31 9.08 2610 756

K 78.85 8.59 2812 521




Detonation simulation
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Detonation structures

Detonation cell structure in 3D

Schlieren on refinement levels

v

Simulation of only one quadrant
44.8 Pts/lig for Hy : O2 : Ar CJ detonation

> SAMR base grid 400x24x24, 2 additional
refinement levels (2, 4)

\4

P> Simulation uses ~ 18 M cells instead of
~ 118 M (unigrid)

> ~ 51,000h CPU on 128 CPU Compagq Alpha.
H: 37.6%, S: 25.1%

Schlieren and isosurface of You

Distribution to 128 processors

Detonation simulation




Detonation simulation
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Detonation structures

Schlieren plots of density, mirrored for visual-
ization
-« « > « >
MI 11 MI
[ ° [ I
L1 L2 L1
" !
] [ [ MM MI M:M| MI
L2 L1 L2
v v
o ° [ I
L1 L2 L1 MI I MI
A s
° ° °
> ) ) MM MI MM| MI .
v v Schlieren plots of You
L1 L LI MI It ML I code/amroc/doc/html/apps/clawpack_2applications_
d -« ® > * -« > -« > 2euler__chem_23d_2StrehlowH202_2StatDet_2src_
hemati an jeww QO he neriadi inle 2Problem 8h_source.html
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Detonation simulation
0000000000000 0000e
Detonation structures

Temporal Development of Detonation Velocity

Point-wise reinitiation along L1 (left) and L1' (right)

d/dey

0.8

640 680 720 760 800
Simulation time [us]

Comparison with 2D Simulation

T T T

L4
L2 ——

18 | 2D ]

16F AW

T 14r , L L i

'S ' P W

08 1 1 1 1 1
670 675 680 685 690 695 700 705 710

Simulation time [us]
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Combustion with viscous terms
®0

Combustion induced by projectiles

Axisymmetric Navier-Stokes equations with chemical reaction

o(f —f,) + (g —gv)

o
= ;(c—g—{—gv)—i—s

ot ox oy
pi piu piv 0 w;
pu pu’ +p puv 0 0
q= ) f= ) 8 2 ) = _ ) =

pv puv pv:+p P — Too 0

pE u(pE + p) v(pE + p) 0 0

_ aY; -
D; 2 0
P ox Tox = ——M(V-v)—|—2u—u
f_ Txx 3 ox

2 ov
Tyy = —gﬂ(v v) + 2#(9—
k——l—thD —I-UTXX—l—VTXy Yy

- 2 v
Too = — (V- v) +2u—
3 y

[ pD;j 8_Y | du Ov
8y Txy = U | 7 + —
- dy  0x
gv = xy 0 ov v
oT Tyéy V"’=<3—u+3—+0‘—)

Detonation simulation



Combustion with viscous terms
oe

Combustion induced by projectiles

Chemistry and transport properties

Arrhenius-kinetics:
M o K p T
- . f n Jn _Lr n Jjn .
w,_jgll/ V {k ||( ) kjnlll(—Wn) } i=1,...,.K

Parsing of mechanisms and evaluation of w; with Chemkin-lII
¢pi(T) and h;(T) tabulated, linear interpolation between values

Mixture viscosity u = (T, Y;) with Wilke formula

1
\7 . 1 ( W; )‘2 ( i )

E Wlth b, = — 1+ —

H = K Y ¢’m/ m \/§ W Mm

Mixture thermal conductivity k = k(T, Y;) following Mathur

K
1 Y k; 1
k=3 WZ + K
2 i=1 VV’ WZizl Y,/(V\/,k,)
Mixture diffusion coefficients D; = D;(T, p, Y;) from binary diffusion D,,;(T, p) as
1-Y
WZm;&i Ym/(WmDmi)

Evaluation with Chemkin-Il Transport library

Nl

N\
3|3
N———
FNE
N——
N

D; =

Detonation simulation 22



Combustion with viscous terms
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Finite volume scheme

Splitting method

o
8tq + ax(f - f‘v) + 8y(g - gv) - ;(C - g+gv) + s
Dimensional splitting for PDE
XA 9,9+ Ox(f(a) — f.(q)) =0, IC: Q(tm) = Q'/2
V&) dq+9,(g(a) —&(a) =0, IC Q> = Q
Treat right-hand side as source term

CAD: 9q=2(c(q) —gla) +g.(a), 1CQ = Q

y

Chemical source term
SBY . gq=s(q), I1C Q2L Q(tn + At)

Formally 1st-order algorithm
Q(tm + At) _ S(At)C(At)y(At)X(At)(Q(tm))

but all sub-operators 2nd-order accurate or higher.

Detonation simulation



Combustion with viscous terms
O@000000000

Finite volume scheme

Finite volume discretization

Time discretization t, = nAt, discrete volumes [ =
[xj — $Ax,% + s Ax[X[yk — 3Dy, yi + 3Ay[X =: [X;_1/2, Xj+1/2[X[Vk—1/2: Yi+1/2]
Approximation Qj.(t) ~ ﬁ J a(x, t) dx and numerical fluxes
J {jk
F (ij(t)’ Qj+1,k(t)) ~ f(q(Xj+1/2,yk, t)))

Fv (ij(t), Qj+1,k(t)) ~ fu(a(xjr1/2, Yk, t), Va(Xjp1/2, Yk t))
yield (for simplicity)

Q= Q2 [F (@ Q) — F (@10 Q) ]+ o [Fo (@ @) — Fo (QF10 QR )]

1 H n n
Riemann solver to approximate F ( e j+1’k)

1st-order finite differences for F, (QJ’.’k, J’-'H k) yield 2nd-order accurate central
differences in (x)
Stability condition used:

8 ,LijAt
3 ijAXz’

At 2At At At
E(luﬂd +ck) + ———— —(ukl + cx) + Dijk—— ¢ <

{ s + ) +
max < — (|u; c; ,
ok Ax Hik ik cv jkpjAX2 " Ax AXx?

i,k

Detonation simulation 24



Combustion with viscous terms
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Finite volume scheme

Finite volume discretization — cont.

Symmetry source term C(A1): Use
n n n n 1 n n n n
Q) = Qi+At (g(c(ojk) —8(Q5) + 5 (Gv (Qfk Qhis) + Gy (Qur, ka>))

within explicit 2nd-order accurate Runge-Kutta method
Gives 2nd-order central difference approximation of G,

Transport properties u, k, D; are stored in vector of state Q and
kept constant throughout entire time step

Chemical source term S():

4th-order accurate semi-implicit ODE-solver subcycles within each
cell

p, €, u, v remain unchanged!
8tpi:VViwi(Pla---7pK7T) ’:177K

Detonation simulation 25



Combustion with viscous terms
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Finite volume scheme

Lehr's ballistic range experiments

Spherical-nosed projectile of radius 1.5 mm travels with constant velocity
through stoichiometric Hz : O2 : N2 mixture (molar ratios 2:1:3.76) at
42.663kPa and T = 293K [Lehr, 1972]
Mechanism by [Jachimowski, 1988]: 19 equilibrium reactions, 9 species.
Chapman Jouguet velocity ~ 1957 m/s.
Axisymmetric Navier-Stokes and Eulers simulations on AMR base mesh of
400 x 200 cells, physical domain size 6 cm X 3 cm
4-level computations with refinement factors 2,2,4 to final time
t = 170 us. Refinement downstream removed.
Main configurations

Velocity vy = 1931 m/s (M = 4.79), ~ 40 Pts/ I,

Velocity v = 1806 m/s (M = 4.48), ~ 60 Pts/lj
Various previous studies with not entirely consistent results. E.g.
[Yungster and Radhakrishnan, 1996], [Axdahl et al., 2011]
Stagnation point location and pressure tracked in every time step

All computations were on 32 cores requiring ~ 1500h CPU each

code/amroc/doc/html/apps/clawpack_2applications_2euler__chem_22d_2SphereLehr_2src_2Problem_8h_source.html

code/a.mroc/doc/html/apps/clawpack_Zapplications_?euler__chem_22d_25phereLehrNav_2src_2Problem_8h_source .html
Detonation simulation 26



Combustion with viscous terms
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Finite volume scheme

Viscous case — M = 4.79

5619 iterations with CFL=0.9 to t = 170 us
Oscillation frequency in last 20 us: ~ 722kHz (viscous), ~ 737 kHz (inviscid)

Experimental value: ~ 720kHz Stagnation point pressure [Pa]

1.45e+06 T T T

1.4e+06

=0.000150028 sec 1.35e+06

1.3e+06
1.25e+06
1.2e+06
1.15e+06

1.1e+06

1.05e+06 s - -
0.00015 0.000155 0.00016 0.000165 0.00017

Time [s]

Schlieren plot of density

Detonation simulation




Combustion with viscous terms
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Finite volume scheme

Viscous case — M = 4.79 — mesh adaptation

1=0.000157300 sec

Detonation simulation 28



Combustion with viscous terms
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Finite volume scheme

Comparison of temperature field

Inviscid

Detonation simulation

Pssudocolor
var Tempecture

2930 G94.8 1656,

I 2177,
Min: 292.0

1=0.000150004 sec




Combustion with viscous terms
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Finite volume scheme

Viscous case — M = 4.48

5432 iterations with CFL=0.9 to t = 170 us

Oscillation frequency in last 20 us: ~ 417 kHz

Expe” menta I Va I ue ~/ 425 kHZ Stagnation point pressure [Pa]

1.8e+06

1.6e+06

1=0.000150009 sec 1.4e+06

1.2e+06

1e+06 -

800000

0.00015 0.000155 0.00016 0.000165 0.00017
Time [s]

Schlieren plot of density

Detonation simulation




Combustion with viscous terms
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Finite volume scheme

Oscillation mechanism

Schlieren of density Temperature Mass fraction OH Pressure

1=0.000157792 sec +=0.00015;

» Oscillation created by accelerated reaction due to slip line from previous triple
point

Detonation simulation



Combustion with viscous terms
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Finite volume scheme

Inviscid case — M = 4.48

4048 iterations with CFL=0.9 to t = 170 us

Oscillation frequency in last 20 us: ~ 395 kHz

Expe” menta I Va I ue ~/ 425 kHZ Stagnation point pressure [Pa]

1.8e+06

1.6e+06

1=0.000150039 sec 1.4e+06

1.2e+06

1e+06 -

800000

0.00015 0.000155 0.00016 0.000165 0.00017
Time [s]

Schlieren plot of density

Detonation simulation




Combustion with viscous terms
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Finite volume scheme

Perturbed oscillation mechanism

Schlieren of density Temperature Mass fraction OH

Pressure

+=0.00015

1=0.000150922 sec

Pseudocolor 4 Pseudocolor

var: Termnperciure i var Y 05 - OH
3118, | 002700

I 2412, 002025
1705, 001350

I 999.2
2930
Man: 3118,
Min: 2930

lUDUO?ﬁU
0.000
Man: 0.02515
Min; 0.000

» Small perturbations can quickly create numerous triple points

Detonation simulation



Higher order schemes

e @000
Hybrid method
Convective numerical flux is defined as
o= {F%V—WENO’ i” E
inv—CD> in C,

For LES: 3rd order WENO method, 2nd order TCD [Hill and Pullin, 2004]

For DNS: Symmetric 6th order WENO, 6th-order CD scheme

[Ziegler et al., 2011]
Use WENO scheme to only capture shock waves but resolve interface between species.
Shock detection based on using two criteria together:

Lax-Liu entropy condition |ug £ ar| < |ux & ax| < |up £ a;| tested with a
threshold to eliminate weak acoustic waves. Used intermediate states at cell
interfaces:

_ veLur + /prUR
VoL + /PR

Limiter-inspired discontinuity test based on mapped normalized pressure gradient

U

Y (T L o

0;
20; : pi+1 — pjl
#(0)= —~L— with 0, ==L (0, > aum
(14 0))? 7 lpjsr + pjl ’ i

Detonation simulation



Higher order schemes
0000

Hybrid methods

SAMR flux correction for Runge-Kutta method

Recall Runge-Kutta temporal update

Q) =, Q" +8,Q7 " + Qv 1)

rewrite scheme as

Qm—|—1 Z SO'U

T
=v [] 8

v=v+1
Flux correction to be used
"
Li+1 1,/ ~0 1 /+1 ) 1,1+1 1,/ |
5F’_§7./ T SO]-F’_%J(Q )’ 6F 27./ _5Fl_§7./ Z(pUF’_%J(Q )
v=2
r41—
1,/+1 1,/+1 pl/+1 =
oF I = 5FI_7 + > Z Z Fot o (Q 1(t+HAt/+1))
2%/ /+1 =0 wv=1 2
Storage-efficient SSPRK(3,3):
vla, By v 9
1 1 0 1 1
5| 3 11 %
3| 1 3 3 5
2 3 3 3

[Pantano et al., 2007]

Detonation simulation



Higher order schemes
[e]e] Jo}
Hybrid methods

DNS of shear layer in detonation triple point

Calorically perfect two-species model with v = 1.29499 and hy = 54,000 J/mol and one-step
Arrhenius reaction with parameters E; = 30,000 J/mol, A =6 - 10° s_l, W = 0.029 kg /mol
— 1d ZND theory predicts dcy = 1587.8 m/s

For dynamic viscosity, heat conductivity, and mass diffusion simple Sutherland models are used

Distance L(t) = dcgsin(0)t is used to define a Reynolds number as Re = %()L(t)
Viscous shear layer thickness, thermal heat conduction layer thickness, and mass diffusion layer
k D;
thickness grow as dyisc &~ ﬁt, Ocond ~ ref t, Omass,i = Lt
p pcy p
Only shock thickness not resolved — “pseudo-DNS”

Computations with WENO/CD/RK3 use SAMR base mesh 320 x 160 and up to 8 levels refined
by factor 2, domain: 40 mm X 20 mm

Computations with MUSCL scheme use base mesh 590 x 352 and up to 7 levels refined by factor
2, domain: 40 mm X 22 mm

Pseudocol
Var: Ee{‘(%‘éﬂ
___________________ - 2250
N - 4500
out flow 2750
N -

N, Max: 8.000

s GEM Min: 1.000

N
.
in flow 2

ol

out flow

slip, adiabatic

Setup Refinement Enlarged

Detonation simulation




Higher order schemes
[e]e]e] }

Hybrid methods

Computational results for shear layer
WENO/CD - 6 levels WENO/CD - 7 levels

2L ZL

AXpin = 3.91-10"%m AXpin = 1.95-107%m

MUSCL - 7 levels MUSCL - 7 levels - Euler

AXpin = 1.05-10"%m

WENO/CD - 8 levels

Axpin = 9.77-10""m

of WENO for
WENO/CD - 8 levels

Usage

R {\

\

\

!

» WENO/CD/RKS3 gives results comparable to 4x finer resolved optimal 2nd-order

scheme, but CPU times with SAMR 2-3x larger

» Gain in CPU time from higher-order scheme roughly one order

Detonation simulation
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Outline

Fluid-structure interaction
Coupling to a solid mechanics solver
Implementation
Rigid body motion
Thin elastic and deforming thin structures
Deformation from water hammer
Real-world example

Massively parallel SAMR
Performance data from AMROC
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Fluid-structure interaction

Outline

Fluid-structure interaction
Coupling to a solid mechanics solver
Implementation
Rigid body motion
Thin elastic and deforming thin structures
Deformation from water hammer
Real-world example
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Fluid-structure interaction
@00000
Coupling to a solid mechanics solver

Construction of coupling data

Moving boundary/interface is treated as a moving contact discontinuity and
represented by level set [Fedkiw, 2002][Arienti et al., 2003]

Efficient construction of level set from

triangulated surface data with CO
closest-point-transform (CPT) algorithm = l
[Mauch, 2003] Tt P
One-sided construction of mirrored ghost e //

cell and new nodal point values AN

Gathering of solid force and momentum

information and solution of equations of .

motion on central node 1

Stable explicit coupling possible if I

geometry and velocities are prescribed for |

compressible fluid [Specht, 2000]
uf = ”g(tﬂz Coupling conditions on interface
UpdateFluid( At) Inviscid fluid (for FV methods):
op = —pF(t+ At)Snm| uS = uF
UpdateSolid( At) 05" _ Fs
t:=t+ At m = TP Oam g

Fluid-structure interaction simulation 4



Fluid-structure interaction
0O@0000
Coupling to a solid mechanics solver

Usage of SAMR

Eulerian SAMR + non-adaptive Lagrangian FEM scheme
Exploit SAMR time step refinement for effective coupling to solid solver

Lagrangian simulation is called only at level /. < Inhax
SAMR refines solid boundary at least at level /.
Additional levels can be used resolve geometric ambiguities

Nevertheless: Inserting sub-steps accommodates for time step reduction
from the solid solver within an SAMR cycle

Communication strategy:

Updated boundary info from solid solver must be received before
regridding operation
Boundary data is sent to solid when highest level available

Inter-solver communication (point-to-point or globally) managed on the
fly special coupling module

Fluid-structure interaction simulation 5



Fluid-structure interaction
[e]e] lelele)
Coupling to a solid mechanics solver

SAMR algorithm for FSI coupling -

N Nt

| F2 F5 :

AdvanceLevel (/) I=l=1}] N !
Repeat r times =2 I
Set ghost cells of Ql(t) /’ /I
CPT(y', C', T, &) 'S2'S3 S4 'S5 S6 S7 S8
If time to regrid? >

Regrid (/) Time

UpdateLevel (/)
If level /+ 1 exists?
Set ghost cells of Q'(t+At/)

Call CPT algorithm
before Regrid (1)

AdvanceLevel (/ + 1) Include also call to
Average Q(t 4+ At)) onto Q'(t + At) CPT(-) into
If [ =17 Recompose (1) to
SendInterfaceData(p’ (t + At)|,) ensure consistent level
If (t+ At) < (to+ Atp)? set data on levels that
ReceivelInterfaceData(Z, uS\I) have changed
t:=t+ At Communicate boundary

data on coupling level /.

Fluid-structure interaction simulation 6



Fluid-structure interaction
[e]e]e] Jele)
Coupling to a solid mechanics solver

Fluid and solid update / exchange of time steps

FluidStep( )

ATF = min  (R)- StableFluidTimeStep(/), ATS)

/:0a almax

At = A’TF/R/ for /=0,---,L
ReceivelInterfaceData(Z, u5|I)
AdvanceLevel(0)

SolidStep( ) Time step stays

A7, :=min(K - R).- StableSolidTimeStep(), A7.) corTstant for Ri. steps,
Repeat R, times which correponds to
tend = t + AT /R, At := Arg/(KR,) one fluid step at level 0

While t < tenda
SendInterfaceData(Z(t), 175|I(t))
ReceiveInterfaceData(p’|,)
UpdateSolid(p"|,, At)
t:=t+ At
At := min(StableSolidTimeStep(), tena — t)

. /
with Ry =] _, "
=0
Fluid-structure interaction simulation 7
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Coupling to a solid mechanics solver

Parallelization strategy for coupled simulations

Coupling of an Eulerian FV fluid Solver and a Lagrangian FEM Solver:

Distribute both meshes seperately and copy necessary nodal values and
geometry data to fluid nodes

Setting of ghost cell values becomes strictly local operation

Construct new nodal values strictly local on fluid nodes and transfer them
back to solid nodes

Only surface data is transfered
Asynchronous communication ensures scalability

Generic encapsulated implementation guarantees reusability

SendBoundaries
SendVelocities

Fluid Node 0 Solid Node 0

FludNode 1 [F~ee —— "3 SolidNode 1

Synchronization
UOIeZIUOIYOUAS

Fluid None N [ | Solid Node M

SendPressures

Fluid-structure interaction simulation 8
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Coupling to a solid mechanics solver

Eulerian/Lagrangian communication module

Put bounding boxes
around each solid
processors piece of the
boundary and around
each fluid processors
grid

Gather, exchange and
broadcast of bounding
box information

Optimal point-to-point
communication pattern,
non-blocking

Fluid-structure interaction simulation
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Implementation

FSI coupling

| LevelSetEvaluation | EmbeddedBoundaryConditions

Zﬁ +set_cells_in_patch()

ClosestPointTransform Coupling algorithm implemented in
+opt) [_EmbeddedMovingWalls _| further derived HypSAMRSolver class

-scan_convert()

1
1 Level set evaluation always with CPT
i ) algorithm
CoupledHypSAMRSolver 11 . .
+fuid_step() CoupledSolver Parallel communication through
-ad level +next_stt .. . . .
atio, 1, iesten) noxsep0 efficient non-blocking communication

1 1 | CoupledSolidSolver mod u |e E LC

+solid_step()
-stable_solid_timestep()

Time step selection for both solvers

1 1 J7 through CoupledSolver class

InterSolverCommunication

+send_interface_data() SolidSolver
+receive_interface_data() +update_solid()

AMRELCGFMSolver<VectorType, FixupType, FlagType, dim > is the derived
AM RSolver< >c|ass. code/amroc/doc/html/amr/classAMRELCGFMSolver.html

Uses the Eulerian interface of the Lagrangian communication routines

code/stlib/doc/html/elc/elc__page.html

and the closest point transform algorithm code/st1ib/doc/ntm1/cpt/cpt__page.ntm1 through
the CPTLevelSet<DataType, dim >

code/amroc/doc/html/amr/classCPTLevelSet.html

Fluid-structure interaction simulation 10
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Rigid body motion

Lift-up of a spherical body

Cylindrical body hit by Mach 3 shockwave, 2D test case by

[Falcovitz et al., 1997]
Schlieren plot of density

Refinement levels

code/amroc/doc/html/apps/clawpack_2applications_2euler_22d_25phereLiftfo_2src_2Problem_8h_source .html

Fluid-structure interaction simulation
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Rigid body motion

Proximal bodies in hypersonic flow

Flow modeled by Euler equations for a single polytropic gas with p = (v — 1) pe
Otp+0x,(pun) =0, Ot(puk)+0x,(puktn+0kap) =0,  Ot(pE)+0x,(un(pE+p)) =0

Numerical approximation with

Finite volume flux-vector splitting scheme with MUSCL reconstruction,
dimensional splitting

Spherical bodies, force computation with overlaid lattitude-longitude mesh to

. . . 2Fp,L
obtain drag and lift coefficients Cp | = >
pveTr
inflow M = 10, Cp and C; on secondary sphere, lateral position varied, no
motion
186
x C;
1 S N W— S T—
A
i
08h
e T T
(S ST DU S —
I S S O L
il [
ozt i 2 % 2,
04 L
1 15 z 25 3 &5
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Rigid body motion

Verification and validation

Static force measurements, M = 10: Dynamic motion, M = 4:
[Laurence et al., 2007] Base grid 150 X 125 x 90, two
additional levels with r; » = 2

Refinement study: 40 X 40 X 32 base grid ,

up to without AMR up to ~ 209.7 - 10° 24,704 time steps, 36,808 h CPU on
cells, largest run ~ 35,000 h CPU 256 cores IBM BG/P
max | Co | ACp | G | AG
1 1.264 -0.176
2 1.442 0.178 -0.019 0.157
3 1.423 -0.019 0.052 0.071
4 1.408 | -0.015 0.087 0.035
Comparison with experimental results: 3
additional levels, ~ 2000 h CPU
| Experimental | Computational
Cp 1.11 4+ 0.08 1.01
G 0.29 £ 0.05 0.28

[Laurence and Deiterding, 2011]
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Rigid body motion

Schlieren graphics on refinement regions

code/amroc/doc/html/apps/clawpack_2applications_2euler_23d_2Spheres_2src_2Problem_8h_source.html

Fluid-structure interaction simulation
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Thin elastic and deforming thin structures

Treatment of thin structures

Thin boundary structures or

lower-dimensional shells require T p

“thickening” to apply embedded q

boundary method

Unsigned distance level set function ¢ . 9

Treat cells with 0 < ¢ < d as ghost S " TR """

fluid cells

Leaving ¢ unmodified ensures correctness of Vi

Use face normal in shell element to evaluate in Ap =p™ — p~

Utilize finite difference solver using the beam equation

82W 84W F
ph g T gz =P

to verify FSI algorithms

Fluid-structure interaction simulation
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Thin elastic and deforming thin structures

FSI verification by elastic vibration

Thin steel plate (thickness h = 1 mm, length 50 mm), clamped at lower

end

ps = 7600kg/m®, E = 220GPa, | = h*/12, v = 0.3

Modeled with beam solver (101 points) and thin-shell FEM solver (325

triangles) by F. Cirak

Left: Coupling verification with constant instantenous loading by

Right: FSI verification with Mach 1.21 shockwave in air (v = 1.4)

Ap = 100kPa
10 T T -
Beam
9 r Beam-FSI —— -
gl SFC-FSl-zmm
T
E 7t
5 6
£
8 5¢
(3]
S 4t
k)
[a] 3t
2
= 2t
1+
0

05 10 15 20 25 3.0 35 40 45 50
Time [ms]
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Shell solver e
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Thin elastic and deforming thin structures

Shock-driven elastic panel motion

Test case suggested by [Giordano et al., 2005]
Forward facing step geometry, fixed walls everywhere except at inflow

400 mm |
p=1.6458 kg/m’ p=1.2 kg/m’
u=112.61 m/s, u,=0 u,=0, u,=0 65 mm
S0mm,=156.18 kPa p=100 kPa
—_— 250 mm
130 mm ‘ 265 mm

SAMR base mesh 320 X 64(x2), ri» =2
Intel 3.4GHz Xeon dual processors, GB Ethernet interconnect

Beam-FSI: 12.25h CPU on 3 fluid CPU + 1 solid CPU

code/doc/html/capps/beam-amroc_2VibratingBeam_2src_2FluidProblem_8h_source.html,
code/doc/html/capps/beam-amroc_2VibratingBeam_2src_2SolidProblem_8h_source.html

FEM-FSI: 322h CPU on 14 fluid CPU + 2 solid CPU

code/doc/html/capps/sfc— amroc_2VibratingPanel_2src_2FluidProblem_8h_source.html,
code/doc/html/capps/VibratingPanel_2src_2ShellManagerSpecific_8h_source.html

t = 1.56 ms after impact
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Thin elastic and deforming thin structures

Detonation-driven plastic deformation

Chapman-Jouguet detonation in a tube filled with a stoichiometric ethylene and
oxygen (C2Hy4 + 302, 295 K) mixture. Euler equations with single exothermic
reaction A — B

Otp + Ox,(pun) =0, O(puyk) + Ox,(pukun + dknp) =0, k=1,...,d

Ot(PE) + 0x,(un(pE + p)) =0,  0:(Yp) + 0x,(Y pun) = ¢
with

. —E
p=(v—1)(pE — Spuntn — pYqo) and ¢ =—kYpexp ( pAp)

modeled with heuristic detonation model by

[I\/Iader, 1979] Comparison of the pressure traces in the experiment
and in a 1d simulation

4+

Vi=p71 Vo:=py ", Vey = pcy
Y =1 (V= Vo)/(Vey — Vo) sl
If 0<Y' <1 and Y > 108 then
If Y<Y’ and Y’ <0.9 then Y’ :=0
If Y/ <0.99 then p' :=(1—Y')pcy 1

2L

Pressure MPa

else p :=p . )
— / ) ) ) ) ) )
pA T )/ p / 1 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
E =p /(p(’y — 1)) —|— Y qo + Eun Un Time after passage of transducer 1 [ms]
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Thin elastic and deforming thin structures

Tube with flaps

Fluid: VanLeer FVS

Detonation model with v = 1.24, pc; = 3.3 MPa, D¢y = 2376 m/s
AMR base level: 104 x 80 X 242, npo =2, =4

~ 410" cells instead of 7.9 - 10° cells (uniform)

Tube and detonation fully refined

Thickening of 2D mesh: 0.81 mm on both sides (real 0.445 mm)

Solid: thin-shell solver by F. Cirak

Aluminum, J2 plasticity with hardening, rate sensitivity, and thermal

softening
Mesh: 8577 nodes, 17056 elements

16+2 nodes 2.2 GHz AMD Opteron quad processor, PCI-X 4x Infiniband
network, ~ 4320 h CPU to te,q = 450 us

0.032 ms 0.030 ms 0.212 ms 0.210 ms

Fluid-structure interaction simulation
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Thin elastic and deforming thin structures

Tube with flaps: results

Fluid density and diplacement in y-  Schlieren plot of fluid density on refine-
direction in solid ment levels

[Cirak et al., 2007]

code/doc/html/capps/sfc-amroc_2TubeCJBurnFlaps_2src_2FluidProblem_8h_source.html,
code/doc/html/capps/TubeCJBurnFlaps_2src_2ShellManagerSpecific_8h_source.html
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Thin elastic and deforming thin structures

Coupled fracture simulation

pressure
0.000 7.30=+003 1.530=+000 2.25%+000 3.00=+000

hle
-100. -50.0 0.000 B0.0 100.

code/doc/html/capps/sfc-amroc_2TubeCJBurnFrac_2src_2FluidProblem_8h_source.html,
code/doc/html/capps/TubeCJBurnFrac_2src_2ShellManagerSpecific_8h_source.html
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Deformation from water hammer

Underwater explosion modeling

Volume fraction based two-component model with >~ o' =1, that defines
mixture quantities as

p=>_d'p', pu=> dpluy, pe=> dp'e
i=1 i=1 i=1
Assuming total pressure p = (7 — 1) pe — vpso and speed of sound
c=(7(p+ po)/p)"'? yields

m- 0

p o' p’ VPoo _ N~ @' Ph

and the overall set of equations [Shyue, 1998]

Oep+0x,(pun) =0, Oe(pui)+0x,(pukuntdimp) =0,  O(pE)+0x,(un(pE+p)) =0

9 1 9 1\ _ 0 [ VP O [P\ _
3f(7—1>+unf9xn(7—1)_0’ 3t(7—1>+u"3><n(7—1>_0

Oscillation free at contacts: [Abgrall and Karni, 2001][Shyue, 2006]
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Deformation from water hammer

Approximate Riemann solver

Use HLLC approach because of robustness and positivity preservation

q[_7 X1<5Lt>
qz, s, t<x <s*t,
q:‘;” S*tSX:[SSRt,
dp, X1 > spt,

qHLLC(X17 t) —

Wave speed estimates [Davis, 1988] s, = min{u; |, — ¢
Sp = max{ul,L +c, Uy g + CR}
Unkown state [Toro et al., 1994]

., Pr—p Tt SLul,L(SL - ”1,L) - pRul,R(SR - “1,R)

S =
p (s, — “1,L) — pr(sg — “1,R)
E 1 T
q; = {n, ns*,nuz,m {M +(s* —un,r) (Sr + p—Tﬂ , | JrPoo.
T ,07'(57'_“1,7') Yr—1 v —1
St — u1,
n:pTT—:v T:{LaR}
ST — S

Evaluate waves as W; = qz —q,, Wa = q;; — qz, Wi =dqp — q*R and \1 =5,
Ay = 5%, \3 = S, to compute the fluctuations A~ A = ZAV<0 v Wy,
A+A = Z)\y>0 Ay Wy for vV = {1,27 3}

Overall scheme: Wave Propagation method [Shyue, 2006

Fluid-structure interaction simulation
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Deformation from water hammer

Underwater explosion FSI simulations

Air: ’yA = 1.4, péo =0, pA =1.29 kg/m3
Water: v = 7.415, p¥ = 296.2 MPa, p" = 1027 kg/m?3
Cavitation modeling with pressure cut-off model at p = —1 MPa

3D simulation of deformation of air backed aluminum plate with r = 85 mm,
h = 3mm from underwater explosion
Water basin [Ashani and Ghamsari, 2008] 2m x 1.6m X 2m
Explosion modeled as energy increase (mca - 6.06 MJ/kg) in sphere
with r=5mm
ps = 2719kg/m3, E = 69 GPa, v = 0.33, J2 plasticity model, yield
stress o, = 217.6 MPa
3D simulation of copper plate r = 32 mm, h = 0.25 mm rupturing due to water
hammer
Water-filled shocktube 1.3 m with driver piston
[Deshpande et al., 2006]
Piston simulated with separate level set, see [Deiterding et al., 2009]
for pressure wave
ps = 8920kg/m3, E = 130 GPa, v = 0.31, J2 plasticity model,
o, = 38.5 MPa, cohesive interface model, max. tensile stress
oc = 525 MPa
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Deformation from water hammer

Underwater explosion simulation

AMR base grid 50 x 40 x 50, r1 23 =2, r4 = 4, Ic = 3, highest level restricted to
initial explosion center, 3rd and 4th level to plate vicinity

Triangular mesh with 8148 elements

Computations of 1296 coupled time steps Maximal deflection [mm]

to tepg = 1 ms Exp. Sim.
1042 nodes 3.4 GHz Intel Xeon dual 20g,d =25cm | 28.83 | 25.88
processor, ~ 130 h CPU 30g,d =30cm | 30.09 | 27.31
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Deformation from water hammer

Plate in underwater shocktube

» AMR base mesh 374 x 20 x 20, r;» = 2, Ic = 2, solid mesh: 8896 triangles
~ 1250 coupled time steps to te,g = 1 ms
» 6-+6 nodes 3.4 GHz Intel Xeon dual processor, ~ 800h CPU

code/doc/html/capps/sfc-amroc_2WaterBlastFracture_2src_2FluidProblem_8h_source.html,
code/doc/html/capps/WaterBlastFracture_2src_2ShellManagerSpecific_8h_source.html

v

po = 64 MPa po = 173 MPa
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Real-world example

Blast explosion in a multistory building

20m X 40 m X 25 m seven-story building similar to
[Luccioni et al., 2004]

Spherical energy deposition = 400kg TNT,
r = 0.5m in lobby of building

SAMR: 80 x 120 x 90 base level, three additional
levels 1o =2, Ik =1, k=1

Simulation with ground: 1,070 coupled time
steps, 830h CPU (~ 25.9h wall time) on 31+1
cores

~ 8,000, 000 cells instead of 55,296, 000
(uniform)

69, 709 hexahedral elements and with material
parameters. [Deiterding and Wood, 2013]

ps [kg/m3]|oo [MPa]|ET [GPa]| 8 | K [GPa]|G [GPa]| & |ps [MPal
Columns| 2010 50 112 [1.0| 21.72 | 467 [0.02] -30
Walls 2010 25 11.2 1.0] 6.22 467 (0.01 -15
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Real-world example

Blast explosion in a multistory building — Il

Pseudocolor
Var: Pressure
3000e+0

— 4.599e+0
2.350e+0!
— 1.034e+0

l 1.000e+0

Max: 13816409
Min: 1.000e+05

Pseudocalor Pseudocolor
Var: Pressure Var: Pressure
3,000
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Massively parallel SAMR

Outline

Massively parallel SAMR
Performance data from AMROC

Fluid-structure interaction simulation 29



Massively parallel SAMR

Parallelized construction of space-filling curve

Computation of space filling curve

Partition-Init

Compute aggregated workload for
new grid hierarchy and project result
onto level 0
Construct recursively SFC-units until
work in each unit is homogeneous,
GuCFactor defines minimal
coarseness relative to level-0 grid
Partition-Calc

Compute entire workload and new work for each processor
Go sequentially through SFC-ordered list of partitioning units and
assign units to processors, refine partition if necessary and possible

Ensure scalability of Partition-Init by creating SFC-units strictly local

Currently still use of MPI_allgather () to create globally identical input for
Partition-Calc (can be a bottleneck for weak scalability)
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Massively parallel SAMR

Pa rtltlonlng example DB: race8_ 0k

user: randolf
Tue Sep 13 15:37:23 2005

Cylinders of spheres in supersonic flow
Predict force on secondary body

Right: 200x160 base mesh, 3 Levels, factors 2,2,2, 8 CPUs
[Laurence et al., 2007]
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Massively parallel SAMR
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Performance data from AMROC

First performance assessment

Test run on 2.2 GHz AMD Opteron
quad-core cluster connected with
Infiniband

Cartesian test configuration

Spherical blast wave, Euler equations,
3rd order WENO scheme, 3-step
Runge-Kutta update

AMR base grid 643, r,2 =2, 89 time
steps on coarsest level

With embedded boundary method: 96
time steps on coarsest level

Redistribute in parallel every 2nd base
level step

Uniform grid 2563 = 16.8 - 10° cells

Level | Grids Cells
0 115 262,144
1 373 1,589,808
2 2282 5,907,064
Grid and cells used on 16 CPUs

Fluid-structure interaction simulation




Performance data from AMROC

Cost of SAMR and ghost-fluid method

Flux correction is
negligible

Clustering is negligible
(already local
approach). For the
complexities of a
scalable global
clustering algorithm see
[Gunney et al., 2007]

Costs for GFM constant
around ~ 36%

Main costs: Regrid (1)
operation and ghost cell
synchronization

Fluid-structure interaction simulation

Massively parallel SAMR
O®0000

CPUs 16 32 64
Time per step 32.44s 18.63s 11.87s
Uniform 59.65s 29.70s 15.15s
Integration 73.46% | 64.69% | 50.44%
Flux Correction 1.30% 1.49% 2.03%
Boundary Setting | 13.72% | 16.60% | 20.44%
Regridding 10.43% | 15.68% | 24.25%
Clustering 0.34% 0.32% 0.26%
Output 0.29% 0.53% 0.92%
Misc. 0.46% 0.44% 0.47%
CPUs 16 32 64
Time per step 43.97s 25.24s 16.21s
Uniform 69.09s 35.94s 18.24s
Integration 59.09% | 49.93% | 40.20%
Flux Correction 0.82% 0.80% 1.14%
Boundary Setting 19.22% | 25.58% | 28.98%
Regridding 7.21% 9.15% 13.46%
Clustering 0.25% 0.23% 0.21%
GFM Find Cells 2.04% 1.73% 1.38%
GFM Interpolation 6.01% 10.39% 7.92%
GFM Overhead 0.54% 0.47% 0.37%
GFM Calculate 0.70% 0.60% 0.48%
Output 0.23% 0.52% 0.74%
Misc. 0.68% 0.62% 0.58%
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Performance data from AMROC

AMROC scalability tests

Weak scalability test

Basic test configuration _ _ _
& Reproduction of configuration each 64

Spherical blast wave, Euler CPUs
equations, 3D wave

propagation method On 1024 CPUs: 128 x 64 x 64 base

grid, > 33,500 Grids, ~ 61 - 10° cells,

AMR base grid 32° with uniform 1024 x 512 x 512 = 268 - 10°
r,2 =2,4. 5 time steps on cells
coarsest level Level | Grids Cells
. . 0 606 32,768
Uniform grid 1 575 135,312
256% = 16.8 - 10° cells, 19 2 910 | 3,639,040
time steps

Strong scalability test

Flux correction deactivated 64 x 32 x 32 base grid, uniform

No volume 1/O operations 512 x 256 x 256 = 33.6 - 10° cells
Tests run IBM BG/P Level Grids Cells

0 1700 65536
(mode VN) 1 1735 | 271,048

2 2210 | 7,190,208
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Performance data from AMROC

Weak scalability test

40
35
30
25

sec

20
15
10

Breakdown of time per step with SAMR

Time per higest level step

T T T T T
T T T 14 - N
B —e— SAMR || nl l
—— Uniform
B I 10 |- | =
= - |
B ] o 8l _— ] it
| . . - . ] w
6 | —
7 .—_0———0’/“/. 1 4r h
2 | —
| | | | | 0 » ) (<) 2 x
J o ) N ¥
64 128 256 512 1024 i v ° A
CPUs

I:l Integration |:| Syncing |:| Partition . Recompose . Misc

Costs for Syncing basically constant
Partitioning, Recompose, Misc (origin not clear) increase

1024 required usage of -DUAL option due to usage of global lists data
structures in Partition-Calc and Recompose
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Strong scalability test

Time per higest level step

102

sec

10!

—e— SAMR

—— Uniform

128
CPUs

256

512

1024

Massively parallel SAMR
O000@0

Breakdown of time per step with SAMR

70 7T T T T T T T

60 - -
50 - -

40 | .

sec

30 |-

20 |-

fﬂiﬁzgg

|:| Integration |:| Syncing |:| Partition . Recompose . Misc

Uniform code has basically linear scalability (explicit method)

SAMR visibly looses efficiency for > 512 CPU, or 15,000 finite volume

cells per CPU
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Strong scalability test - |l

102

10!

10—1

Fluid-structure interaction simulation

Scaling of main operations

—@— Integration
—m— Syncing
Partition
—k— Recompose
—— Misc

RS

16

32

64

128
CPUs

256 512 1024

Massively parallel SAMR
O0000e

Breakdown of time per step with SAMR

100’_--!.. N

80 |- — .

60 [~ N

NS | —

40 |- .

20 - N

O N & R S A
R P e LR

|:| Integration |:| Syncing |:| Partition . Recompose . Misc

Perfect scaling of Integration, reasonable scaling of Syncing

Strong scalability of Partition needs to be addressed (eliminate global lists)
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Adaptive lattice Boltzmann method
[ JeJelele)
Construction principles

Approximation of Boltzmann equation

Is based on solving the Boltzmann equation with a simplified collision operator
Of +u-VFf =w(f —f)
Kn = Ir/L < 1, where [ is replaced with Ax
Weak compressibilty and small Mach number assumed

Assume a simplified phase space

Equation is approximated with a splitting approach.

1.) Transport step solves 0:fy, + € - Vio =0 . T
Operator: T: fo(x + e At, t + At) = fo(x, t) AN /(/ )
18 18 LN
p(x, £) =D fal(x, 1), plx, )ui(x,t) = Y eaifalx, t) = /N,
a=0 a=0 ' / - \4
) ’
Discrete velocities:
0, a =0,
e. =< (£1,0,0)c,(0,4+1,0)c,(0,0,+£1)c, a=1,...,6,
(£1,£1,0)c, (£1,0,£1)c, (0, £1,+1)c, a=7,...,18,

Lattice Boltzmann methods 4



Adaptive lattice Boltzmann method
0@000
Construction principles

Approximation of thermal equilibrium

2.) Collision step solves 0;f, = w(fs? — fa)
Operator C:

fo(-, t+ At) = fo (-, t + At) + w At (?j"(-, t+ At) — f (-, t + At))

with equilibrium function

3e,u  9(equ)®  3u?
£9(p,u) = pta |1 -
o (pyu) = pt { tea o ne?

. 1 111111111111 111111

withta =5{3,3,3 3 33w e oo oo oD@ )
_ eq 2 __ 2

Pressure p =) _ f37cs = pcs.

Dev. stress ¥;j = (1 — “’LTN> Yo Caiaj(f3? — fa)

Is derived by assuming a Maxwell-Boltzmann distribution of f$? and
approximating the involved exp() function with a Taylor series to second-order
accuracy.

Using the third-order equilibrium function

3e,u  9(e,u)’  3u®  e,u [9(e,u)’  3u
f? = pta |1 - -
o' (P u) = pt [ T T oa 222 132 2c* 2¢?

allows higher flow velocities.
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Adaptive lattice Boltzmann method
(e]e] lele)

Construction principles

Relation to Navier-Stokes equations

Inserting a Chapman-Enskog expansion, that is,

fo = £2(0) + efu (1) + €£0(2) + ...

and using

= —e— — .. V =¢eVi+ Vo + ...
o €8t1+€8t2+ , eVi+€e Vo +

into the LBM and summing over a one can show that the continuity and
moment equations are recoverd to O(€®) [Hou et al., 1996]

Oep+ V- (pu)=0

dtu+u-Vu=—Vp+vVu
Kinematic viscosity and collision time are connected by

from which one gets with V3¢ = % [Hahnel, 2004]

2
wo=T =
L v+ Atc? /2

Lattice Boltzmann methods 6



Adaptive lattice Boltzmann method
(e]e]e] Jo)
Construction principles

Turbulence modeling

Pursue a large-eddy simulation approach with fo and £59, ie.
1.) fo(x + e At, t + At) = fo(x, t)
2) Fulr t+ At) = (-, £+ At) + LAt (?;q(-, t+AL) — - t+ At))

L . 1L/ 1 : .
Effective viscosity: v™ =v + v = 3 (A_Lt — 5) cAx with 7/ =7+ 7

Use Smagorinsky model to evaluate vt, e.g., v; = (Cen/Ax)?S, where

5= 23755,
iJ

The filtered strain rate tensor S;; = (9;1i; + 0;1i;) /2 can be computed as a
second moment as
§i' - ZU - L Zeaiea'(?eq - ?oz)
ij 2pirr (1 B UJLTAt) 2pcit} - j\Ta

7+ can be obtained as [Yu, 2004, Hou et al., 1996]

o L (A )

Lattice Boltzmann methods 7




Adaptive lattice Boltzmann method
(e]e]ele] }

Construction principles

Initial and boundary conditions

Initial conditions are constructed as f(p(t = 0),u(t = 0))

Simple boundary conditions:

No-slip Slip Symmetry

. AN

Outlet basically copies all distributions (zero gradient)

Inlet and pressure boundary conditions use ;¢

Embedded boundary conditions use ghost cell construction as before, then
use f59(p’,u’) to construct distributions in embedded ghost cells

Lattice Boltzmann methods




Adaptive lattice Boltzmann method
[ ]
Adaptive mesh refinement for LBM

Adaptive LBM

Complete update on coarse grid: " := CT(f5")

Interpolate fac’;,': onto fof,'; to fill fine halos. Set physical boundary

conditions.
£5m .= T(£5") on whole fine mesh. flmi1/2 . — C(£5") in interior.
FLmL2.— T (£5"1/2) on whole fine mesh. £0"1 .= C(£0"/?) in
interior.
Average ?Of:gjtl/z (inner halo layer), ?af;gut
7e (outer halo layer) to obtain faC,B’Lr-
Revert transport into halos:
4 _C7 - — —1 NCa
fa,o,Lt T T (foz,o'Lt)
. i . Parallel synchronization of £, T‘;;’Lt
% Cell-wise update where correction is needed:
4 7C,
. FOM = CT(RE" B
b
i i Algorithm equivalent to [Chen et al., 2006].
NN 77
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Adaptive lattice Boltzmann method
[ ]
Implementation

Classes

Directory amroc/1lbm contains the lattice Boltzmann integrator that is in C++
throughout and also is built on the classes in amroc/amr/Interfaces.

Several SchemeType-classes are already provided: LBMD1Q3<DataType
>, LBMD2Q9<DataType >, LBMD3Q19<DataType >,
LBMD2Q9Thermal<DataType >, LBMD3Q19Thermal<DataType >
included a large number of boundary conditions.
code/amroc/doc/html/1bm/classLBMD1Q3.html code/amroc/doc/html/1bm/classLBMD2Q9.html

code/amroc/doc/html/1bm/classLBMD3Q19Thermal . html

Using function within LBMD?D?, the special coarse-fine correction is
implemented in LBMFixup<LBMType, FixupType, dim>

code/amroc/doc/html/1bm/classLBMFixup.html

LBMintegrator<LBMType, dim >, LBMGFMBoundary<LBMType,
dim >, etc. interface to the generic classes in amroc/amr/Interfaces

code/amroc/doc/html/amr/classSchemeGFMBoundary.html

Problem.h: Specific simulation is defined in Problem.h only. Predefined
classes specified in LBMStdProblem.h, LBMStdGFMProblem.h and
LBMProblem.h.

code/amroc/doc/html/1lbm/LBMProblem_8h_source.html code/amroc/doc/html/1bm/LBMStdProblem_8h.html

code/amroc/doc/html/1bm/LBMStdGFMProblem_8h.html

Lattice Boltzmann methods 10



Adaptive lattice Boltzmann method
([ Jo]
Verification

Flow over 2D cylinder, d = 2cm

Air with
v =1.61-10">m?/s,

3 2 ; e S
p = 1.205kg/m S @ LBM - hydro
Domain size i O LBM - viscows ]
[-8d,24d] x [-8d,8d] & | i

Q. q
Dynamic refinement based - - 0. '@ la-
on velocity. Last level to = e ! el )
refine structure further. & | viscous™J@ | ; 4
05 [ e : d
Inflow from left. ! %9:39:_0-..0_6 |
.. | thed o

Characteristic boundary ! W

conditions [Schlaffer, 2013] %0 I 100 I 1000
elsewhere. SRR

Base lattice 320 x 160, 3 additional levels with factors r = 2,4, 4.
Resolution: ~ 320 points in diameter d

Computation of Cp on 400 equidistant points along circle and averaged
over time. Comparison above with [Henderson, 1995].

Lattice Boltzmann methods 11



Adaptive lattice Boltzmann method
(o] J

Verification

Flow over cylinder in 2d - Re = 300, u = 0.2415m/s

Isolines on refinement and distribution to processors

Mesh adaptation with LBM:

<z
v+Atc2 /2

1. Level-wise evaluation of w,’_ =

2. Exchange of distributions streaming across refinement interfaces
code/amroc/doc/html/apps/1lbm_2applications_2Navier-Stokes_22d_2CylinderDrag_2src_2Problem_8h_source.html
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Aerodynamics cases

Outline

Realistic aerodynamics computations
Vehicle geometries
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Aerodynamics cases
®0000

Vehicle geometries

Wind tunnel simulation of a prototype car

Fluid velocity and pressure on vehicle

Pseudacalor
Var: PRESSURE
1.000e+05 1.004e+05 1.008e+05 W.OHIeJrOS 1.015e+05

Pseudocolor

Var: | Velocity |
0.000 12.50

Time=0s

P Inflow 40 m/s. LES model active. Characteristic boundary conditions.
> To t = 0.5s (~ 4 characteristic lengths) with 31,416 time steps on finest level in ~ 37h on
200 cores (7389 h CPU). Channel: 15m X 5m X 3.3m

Lattice Boltzmann methods



Aerodynamics cases
(o] Jelele}

Vehicle geometries

Mesh adaptation

Lattice Boltzmann methods




Aerodynamics cases
(e]e] leJe}
Vehicle geometries

Next Generation Train (NGT)

» 1:25 train model of 74,670 triangles

NGT2 model

» Wind tunnel: air at room temperature with
33.48m/s, Re = 250,000, yaw angle 30°

» Comparison between LBM (fluid air) and
incompressible OpenFOAM solvers splitter-blade

Lattice Boltzmann methods




Aerodynamics cases
[e]e]e] Je}
Vehicle geometries

NGT model

LBM-AMR computation with 5 additional levels,
factor 2 refinement (uniform: 120.4e9 cells)

Dynamic AMR until T, = 34, then static for
~ 12T to obtain average coefficients

OpenFOAM simulations by M. Fragner (DLR)

Lattice Boltzmann methods

Simulation Mesh CFX CFY CMX
Wind tunnel - -0.06 -5.28 -3.46
DDES low | -0.40 | -5.45 | -3.61
> only low 0.10 -0.04 | -0.05
LES high | -0.45 | -6.07 | -4.14
DDES high | -0.43 | -5.72 | -3.77
LBM - p only - -0.30 | -5.09 | -3.46
LBM | DDES(I) LES DDES(h)
Cells 147M 34.1M 210M 210M
yT 43 3.2 1.7 1.7
xt, zt 43 313 140 140
Ax wake [mm 0.936 3.0 15 1.5 .
Runtime [TC]] 3% 35.7 103 9.2 Adaptive LBM code 16x
Processors 200 80 280 280 faster than OpenFOAM
CPU [h] 34,680 | 49,732 | 104,483 | 164,472 with PISO algorithm on
Tc/At 1790 1325 1695 1695 static mesh!
CPU [h]/Tc/IM cells | 5.61 39.75 86.4 81.36




Vehicle geometries

Aerodynamics cases

0O000e

Strong scalability test (1:25 train)

Computation is restarted from disk checkpoint at

t = 0.526408 s from 96 core run.

Time for initial re-partitioning removed from

benchmark.

200 coarse level time steps computed.

102

sec

Regridding and re-partitioning every 2nd level-0 step.

Computation starts with 51.8M cells (13: 10.2M, 12: 10!
15.3M, I1: 21.5M, 10= 4.8M) vs. 19.66 billion

Time per coarse level step

—e— SAMR

——— Ideal

(uniform). 48 96 192 288384 576 768

Portions for parallel communication quite CPUs

considerable (4 ghost cells still used).

Time in % spent in main operations

Cores 48 96 192 288 384 576 768
Time per step 132.43s | 69.79s | 37.47s | 27.12s 21.91s 17.45s 15.15s
Par. Efficiency 100.0 94.88 88.36 81.40 75.56 63.24 54.63
LBM Update 5.01 5.61 5.38 4.92 4.50 3.73 3.19
Regridding 15.44 12.02 11.38 10.92 10.02 8.94 8.24
Partitioning 4.16 2.43 1.16 1.02 1.04 1.16 1.34
Interpolation 3.76 3.53 3.33 3.05 2.83 2.37 2.06
Sync Boundaries 54.71 59.35 59.73 56.95 54.54 52.01 51.19
Sync Fixup 9.10 10.41 12.25 16.62 20.77 26.17 28.87
Level set 0.78 0.93 1.21 1.37 1.45 1.48 1.47
Interp. /Extrap. 3.87 3.81 3.76 3.49 3.26 2.75 2.39
Misc 2.27 1.91 1.79 1.67 1.58 1.38 1.25
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Fluid-structure coupling
[}
Rigid body dynamics

Motion solver

Based on the Newton-Euler method solution of dynamics equation of kinetic chains
[Tsai, 1999]

(7o) = (ordPrn —fitere) () (e ey )

m = mass of the body, 1 = the 4x4 homogeneous identity matrix,

ap, = acceleration of link frame with origin at p in the preceding link's frame,
lc;m = moment of inertia about the center of mass,

w = angular velocity of the body,

o = angular acceleration of the body,

c is the location of the body’s center of mass,

and [c]* , [w]* denote skew-symmetric cross product matrices.

Here, we additionally define the total force and torque acting on a body,
F= (FFSI + Fprescribed) 'cxyz and

T = (TFs1 + Tprescribed) - Cap~ respectively.

Where Cyy, and C, g~ are the translational and rotational constraints, LQ
respectively.

Lattice Boltzmann methods 19



Fluid-structure coupling
[ Jele]

Validation simulations

Two-segment hinged wing

Configuration by [Toomey and Eldredge, 2008].
Manufactured bodies in tank filled with water.

Prescribed translation and rotation coir;?im
Ao Gi(ft) G(f)
X = — — fi - P~
t(t) 2 max Gt C( t)’ Oél(t) Bmax Gr

with G;(t) = tanh[o,cos(2nt + )], /Qﬁ
Hinge/Torsion ‘0

, , spring T
Ge(t) = /tanh[atcos(27rt )]dt Passive
t Component

7 cases constructed by varying o,, o¢, ®

: Ao (cm) 7.1
Rotational Reynolds number ¢ (cm) 51
Re, = 2nfo,fc’ /(tanh(o,)v) varied between '
2200 and 7200 in experiments d (cm) 0.25

P p» (kg/m?) 5080

[Toomey and Eldredge, 2008] reference f (Hz) 0.15

simulations with a viscous particle method are
for Re; = {100,500}

Lattice Boltzmann methods 20



Fluid-structure coupling
o] le)
Validation simulations

Case 1l -0, =0; =0.628, ® =0, Re, = 100

> 1 Pseudocolor
Quiescent wateg Proudacdlol ety
pr = 997 kg/m 2500 -12.50 0000 1250 25.00
cs = 1497 m/s a )
_ _ Max: 1329 Time=1.54269
» No-slip boundaries Min: 11854
0.10

in y, periodic in
x-direction

0.05

» Base level:
100 x 100 for
[—0.5,0.5] x 0.00
[—0.5,0.5] domain

» 4 additional levels -0.05
with factors 2,2,2,4

Y-Axis

» Coupling to rigid “0.10
body motion solver
on 4th level
“0.15
nght Computed VortiCity -0.15 -0.10 -0.05 x—‘;.xtfs 0.05 0.10 0.15

field (enlarged)
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Fluid-structure coupling
ooe

Validation simulations

Quantitative comparison

Evaluate normalized force F , = 2FX*’y/(p,2(c3) and moment M = 2M* /(p¢f?c*) over 3 periods
[Wood and Deiterding, 2015] Used finest spatial resolution Ax/c = 0.0122

[Toomey and Eldredge, 2008]: Ax/c = 0.013 (Re, = 100), Ax/c = 0.0032 (Re, = 500)
Temporal resolution ~ 113 and ~ 28 times finer

Hinge deflection angle
over time

6 (deg)

Case 1
o = 0.628
o, = 0.628
=0

Case 2
o, = 1.885
b =0°

6 (deg)

Experimental results (-);
Current (- -)

Lattice Boltzmann methods



Wind turbine wake aerodynamics

[ Telelele]
Mexico benchmark

Mexico experimental turbine — 0° inflow

Setup and measurements by Energy Research Centre of the Netherlands (ECN)
and the Technical University of Denmark (DTU) [Schepers and Boorsma, 2012]

Inflow velocity 14.93m/s in wind tunnel of 9.5m X 9.5 m cross section.

Rotor diameter D = 4.5w m. Prescribed motion with 424.5 rpm: tip speed
100m/s, Re, &~ 75839 TSR 6.70

Simulation with three additional levels with r; = {2,2,4}. Resolution of rotor
and tower Ax = 1.6cm

149.5h on 120 cores Intel-Xeon (17490h CPU) for 10s
Blade loads: Fi: Ref = 1516.76 N, cur. = 1632.71 N (7.6%)
Tx: Ref = 284.60 Nm, cur. = 307.87 Nm (8.1%)

Lattice Boltzmann methods



Wind turbine wake aerodynamics

(o] lelele]
Mexico benchmark

Comparison along transects — 0° inflow

u, [mds]

axial

u, [m/s]

radial

Lattice Boltzmann methods



Wind turbine wake aerodynamics
[e]e] Tele]

Mexico benchmark

Mexico experimental turbine — 30° yaw

Load collected as average during t € [5,10] on blade 1 as it passes through
6 = 0° (pointing vertically upwards), 35 rotations

Blade loads: Fx: Ref = 13.66 N, cur. = 14.8 N (8.3%)
T«x: Ref =7.72Nm, cur. = 8.36 Nm (8.3%)

Level 0: 768,000 cells

Level 1: 1,524,826 cells
Level 2: 6,832,602 cells
Level 3: 3,019,205 cells

Lattice Boltzmann methods



Wind turbine wake aerodynamics

[e]e]e] Jo]

Mexico benchmark

Comparison along transects — 30° yaw

u_[mds]

u, Imis]

axial

u_[m/s]
u, [m/s]

radial
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Wind turbine wake aerodynamics
[e]e]e]e] ]
Mexico benchmark

Normalized %-error along transects

yaw 0° 30°
transect in out in out
Uy 6.416 7.663 5.742 6.410
Axial u, 3.400 4.061 3.043 3.373
u, 3.073 3.678 2.752 3.068
up down up down
Uy 6.556 7.325 7.093 6.655
Radial u, 3.409 3.809 3.684 3.466
u, 3.242 3.659 3.511 3.294

Comparison of normal and tangential forces on sections of blade 1 when
0, = 0° (pointing vertically upward) in aligned (left) and yaw 30°

Lattice Boltzmann methods



Wind turbine wake aerodynamics
[ Jo]

Simulation of wind turbine wakes

Simulation of a single turbine

Geometry from realistic Vestas V27 turbine. Rotor diameter 27 m, tower height ~ 35 m.
Ground considered.

Prescribed motion of rotor with 15 rpm. Inflow velocity 7m/s.

Simulation domain 200m x 100 m x 100 m.

Base mesh 400 x 200 x 200 cells with refinement factors 2,2,4. Resolution of rotor and
tower Ax = 3.125 cm.

141,344 highest level iterations to t. = 30 s computed.

i ! | /

Pseudocolor [P T ‘ Pi"’eu s]ed
Var: | Velocity | r ‘elacity | r el

o 88 e 2] 0 s
¥ [
~1675 | 1 1 £18
~1050 T s Lo
—5280 L L5, =5
0000 .’ES

Max: 23,38 cr:

Min: 0.005295 Min: bﬂh
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Wind turbine wake aerodynamics
oce

Simulation of wind turbine wakes

Adaptive refinement

Time=6.65651 sec

Dynamic evolution of refinement blocks (indicated by color).
code/doc/html/capps/motion-amroc_2WindTurbine__Terrain_2src_2FluidProblem_8h_source.html,
code/doc/html/capps/motion-amroc_2WindTurbine__Terrain_2src_2SolidProblem_8h_source.html,

code/doc/html/capps/Terrain_2src_2Terrain_8h_source.html

Lattice Boltzmann methods



Wind turbine wake aerodynamics
®0000000

Wake interaction prediction

Simulation of the SWIFT array

>

vV v . vy

WEST

Lattice Boltzmann methods

Three Vestas V27 turbines. 225 kW power generation at wind speeds 14 to
25m/s (then cut-off)

Prescribed motion of rotor with 33 and 43 rpm. Inflow velocity 8 and 25m/s
TSR: 5.84 and 2.43, Re, =~ 919,700 and 1,208,000

Simulation domain 448 m X 240 m X 100 m

Base mesh 448 x 240 x 100 cells with
refinement factors 2,2,4. Resolution of
rotor and tower Ax = 6.25cm

94,224 highest level iterations to te = 40s

computed, then statistics are gathered for
10s [Deiterding and Wood, 2015]

NORTH

SOUTH




Wind turbine wake aerodynamics
0O@000000

Wake interaction prediction

Wake propagation through array — 25m/s, 43rpm

On 288 cores Intel Xeon-lvybride 10s in 38.5h (11,090 h

Level Grids Cells
CPU) 0 3,234 | 10,752,000
Only levels 0 and 1 used for iso-surface visualization 1 11,921 21,020,256
At t. approximately 140M cells used vs. 44 billion (factor 315) 2 66,974 | 102,918,568
3 896 5,116,992

Only levels 0 and 1 used for iso-surface visualization

Lattice Boltzmann methods 31



Wind turbine wake aerodynamics
00@00000

Vorticity generation - u = 8m/s, 33rpmu = 25m/s,
43 rpm

A
Time=37.9013 sec
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Wind turbine wake aerodynamics
[e]e]e] lelelele)

Wake interaction prediction

Vorticity development - u = 8m/s, 33rpm

Lattice Boltzmann methods




Wind turbine wake aerodynamics
[e]e]e]e] lelele)

Wake interaction prediction

Refinement v = 8m/s, 33rpm

A ————

Time=6.11312 sec

Lattice Boltzmann methods




Wind turbine wake aerodynamics
00000e00

Wake interaction prediction

Wake refinement behind a leading turbine

Time=4.75465 sec ; Time=5.43389 sec

Lattice Boltzmann methods



Wind turbine wake aerodynamics
0000000

Wake interaction prediction

Axial velocity - v = 8m/s, 33rpm

Lattice Boltzmann methods




Wind turbine wake aerodynamics
0000000 e

Wake interaction prediction

Mean point values

u=25m/s, 43 rpm, TSR=2.43

1.1 : : :
» Turbines located at (0,0, 0), 1h ey e RS 2 5
(135,0,0), (—5.65,80.80,0) 09 | 3 1
. . 0.8 >~< I y; X % 4
» Lines of 13 sensors with = o7k I ik ]
o Y
Ay =5m, z = 37m (approx. S o6f N , 1
center of rotor) 05| * 1
04 ¥ ]
» u and p measured over 03 L ;;ggm ]
[405s,505s] (1472 level-0 time 02 f ‘ ‘ ‘ ‘ ‘ Xx=100m ox
steps) and averaged -40 -20 0 20 40 60 80 100 120
y [m] u=
11 u=8m/s, 33 rpm, TSR=5.84
. P s X
........ | o
\::!.K‘ ¥ ¥ i
=50m —— |
x=50m
02 L L L L I \X=100m e ]
40 20 0 20 40 60 80 100 120
y [m]
11 25m/s, 43rpm, TSR=2.43
11 M.;%\_i "g/,ﬁfae.’a Ee,a,,a{\& D/g,».a 549 |
09 £ . A 1

Lattice Boltzmann methods 37



References
(1]
References

References |

[Chen et al., 2006] Chen, H., Filippova, O., Hoch, J., Molvig, K., Shock, R., Teixeira,
C., and Zhang, R. (2006). Grid refinement in lattice Boltzmann methods based on
volumetric formulation. Physica A, 362:158-167.

[Deiterding and Wood, 2015] Deiterding, R. and Wood, S. L. (2015). An adaptive
lattice boltzmann method for predicting wake fields behind wind turbines. In
Breitsamer, C. e. a., editor, Proc. 19th DGLR-Fachsymposium der STAB, Munich,
2014, Notes on Numerical Fluid Mechanics and Multidisciplinary Design. Springer.
in press.

[Hahnel, 2004] Hahnel, D. (2004). Molekulare Gasdynamik. Springer.

[Henderson, 1995] Henderson, R. D. (1995). Details of the drag curve near the onset
of vortex shedding. Phys. Fluids, 7:2102-2104.

[Hou et al., 1996] Hou, S., Sterling, J., Chen, S., and Doolen, G. D. (1996). A lattice
Boltzmann subgrid model for high Reynolds number flows. In Lawniczak, A. T. and
Kapral, R., editors, Pattern formation and lattice gas automata, volume 6, pages
151-166. Fields Inst Comm.

Lattice Boltzmann methods



References
(1]
References

References ||

[Schepers and Boorsma, 2012] Schepers, J. G. and Boorsma, K. (2012). Final report
of iea task 29: Mexnext (phase 1) — Analysis of Mexico wind tunnel measurements.
Technical Report ECN-E-12-004, European research Centre of the Netherlands.

[Schlaffer, 2013] Schlaffer, M. B. (2013). Non-reflecting boundary conditions for the
lattice Boltzmann method. PhD thesis, Technical University Munich.

[Toomey and Eldredge, 2008] Toomey, J. and Eldredge, J. D. (2008). Numerical and
experimental study of the fluid dynamics of a flapping wing with low order
flexibility. Physics of Fluids, 20(7):073603.

[Tsai, 1999] Tsai, L. (1999). Robot Analysis: The Mechanics of Serial and Parallel
Manipulators. Wiley.

[Wood and Deiterding, 2015] Wood, S. L. and Deiterding, R. (2015). A lattice
boltzmann method for horizontal axis wind turbine simulation. In 14th Int. Conf. on
Wind Engineering.

[Yu, 2004] Yu, H. (2004). Lattice Boltzmann equation simulations of turbulence,
mixing, and combustion. PhD thesis, Texas A&M University.

Lattice Boltzmann methods



Lecture 8
Structured AMR for elliptic problems

Course Block-structured Adaptive Finite Volume Methods in C++

Ralf Deiterding

University of Southampton
Engineering and the Environment
Highfield Campus, Southampton SO17 1BJ, UK

E-mail: r.deiterding@soton.ac.uk

Structured AMR for elliptic problems 1



Outline

Adaptive geometric multigrid methods
Linear iterative methods for Poisson-type problems
Multi-level algorithms
Multigrid algorithms on SAMR data structures
Example
Comments on parabolic problems

Structured AMR for elliptic problems 2



Adaptive geometric multigrid methods

Outline

Adaptive geometric multigrid methods
Linear iterative methods for Poisson-type problems
Multi-level algorithms
Multigrid algorithms on SAMR data structures
Example
Comments on parabolic problems

Structured AMR for elliptic problems 3



Adaptive geometric multigrid methods
@00

Linear iterative methods for Poisson-type problems

Poisson equation

Ag(x) = Y(x), xe QCR?, geC*(Q), ¢veC(Q)
q Y (x), x €0

Discrete Poisson equation in 2D:

Qit1,k — 2Qjk + Qj—1,« n Qjk+1 — 2Qjk + Qj k-1

2 2 = Yk
AXx; Ax;
Operator
1
Ax1,Ax Ax12 Ax12 Ax22 Ax22 L X2,k Ik
1
Ax?

1
Qjk = p [(Qj+1,k + Qo1.6)AX + (Qur1 + Qii_1)Ax — AX12AX22¢J'/<}

2AX] + 2AX3
AXZAXZ

with o =

Structured AMR for elliptic problems 4



Adaptive geometric multigrid methods
oeo

Linear iterative methods for Poisson-type problems

l[terative methods

Jacobi iteration
m 1 m m m m
ijH = [(Qj+1,k + Qj—l,k)AX22 + (QTk1 + Qj,k—l)AX12 - AX12AX22¢jk}

Lexicographical Gauss-Seidel iteration (use updated values when they become
available)

m 1 m m m
Qi =~ [(Qhas+ QA + (Qsa + QAR — A AxGuy
Efficient parallelization / patch-wise application not possible!

Checker-board or Red-Black Gauss Seidel iteration
m 1 m m m m
ij+1 == [(Qﬂ—l,k + QM 1k)A% + (Qki1 + QMk1)Ax: — AX12AX22¢jk}
forj—|—kmod2—0
Qm+1 _ [ rﬂlk m+1 )Ax2 +( kar+11 4 Qm+1 )Ax1 AX12AX22'¢jk}
forj—|—kmod2—1

Gauss-Seidel methods require ~ 1/2 of iterations than Jacobi method, however,
iteration count still proportional to number of unknowns [Hackbusch, 1994]
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Linear iterative methods for Poisson-type problems

Smoothing vs. solving

v iterations with iterative linear solver

QT =8(Q", ¢, v)
Defect after m iterations
Defect after m + v iterations

d™ =y — AQ™) = — AQ" + ) = d7 — A(W))
with correction
v, =8(0,d",v)
Neglecting the sub-iterations in the smoother we write
Qn+1:Qn+V:Qn+S(dn)

Observation: Oscillations are damped faster on coarser grid.

Coarse grid correction:
Qn+1 — Qn_|_ v = QH+P8R(dn)

where R is suitable restriction operator and P a suitable prolongation operator
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Multi-level algorithms

Two-grid correction method

Relaxation on current grid:

Algorithm:

Q= S(Q”,w_, V)
d =1 — A(Q)
de :== R(d)

ve .= 8(0,dc, )
v = P(vc)

Q"M =Q+v

[Hackbusch, 1985]

Q
Q" =Q+

with smoothing:

d:=1p— AQ)
v:=3S8(0,d,v)
r:=d— A(v)
de :=R(r)

ve := 8(0, dc, p)
v:i=v+P(v)
Qn—|—1 — Q+ v

S(Q", ¥, v)

with pre- and post-iteration:

d =1 — A(Q)
v :=3S8(0,d,v1)
r:=d— A(v)
de :=R(r)

ve := S(0, dc, p)
v:i=v+P(v)
d:=d— A(v)
r:=3S8(0,d, )

Q™ =Q+v+r

Structured AMR for elliptic problems 7
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(o] ]
Multi-level algorithms

Multi-level methods and cycles
V-cycle 3-grid
v QP @@ b
2P 88

R @@5@@5@5@@ 2

[Hackbusch, 1985] [Wesseling, 1992] ...
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Multigrid algorithms on SAMR data structures

Stencil modification at coarse-fine boundaries in 1D

1D Example: Cell j, ¢ —V -Vg=0
o1 1 I I I R T
G =Y~ aq <A—XI(QJ+1 — Q) -7 (@ - Qj—l)) =¥~ Ax (Hj+; Hj—é)

H is approximation to derivative of Q'.
Consider 2-level situation with r 1 = 2:

Qi @ alh
Solution needs to be continuously dif-
H* [ HTY ferentiable across interface.
Easiest approach: H't1, = H'
w+3 =

NJ—=

i=3 ita
(e [ | | |
I I /
j—1 Q; J+1

No specific modification necessary for 1D vertex-based stencils, cf.
[Bastian, 1996]
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Multigrid algorithms on SAMR data structures

Stencil modification at coarse-fine boundaries in 1D 1l

Set HIH1 = Hz. Inserting Q gives

2
1+1 1+1 / I+1
QW_|_1 - QW _ QJ - QW

AX/—|—1 %AX/Jrl

from which we readily derive
QIJrl 2 Q/ 1 Ql+1
w+1 3 J 3 w

for the boundary cell on / + 1. We use the flux correction procedure to enforce
H’T1 = H} 1 and thereby H/ 1 = Hz.
w 5 -

2 2

Correction pass [Martin, 1998]
5H.’f1l = —H,

1
T2
6H’+1 — 5Hl+1 + H’+1 — _Hj’_% + (Qf - Qévﬂ)/gAX/H

d = d —5H’+1
+ Ax 2

yields
L (1 o _ oy _2 +1
% AX (AX/(QJ+1 QJ) 3A w ))

Structured AMR for elliptic problems 10
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Multigrid algorithms on SAMR data structures

Stencil modification at coarse-fine boundaries: 2D

..........

I+1
o

Structured AMR for elliptic problems

1+1
Qv,w—l =

In general:

I+1
Qv,w—l -

2
r+1+1

with

1 41

2 /(3 1
3 <Z Q'/k + ZQJ'/+1,/<)

2 »
1-— w +
( rl+1+1) @

(= Qe+ Qo)

, .
X141 — X{,/

AXl,/
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[e]e]e] lele)
Multigrid algorithms on SAMR data structures

Components of an SAMR multigrid method

Stencil operators

Application of defect d’ = ¢’ — A(Q') on each grid G, of level /
Computation of correction v/ = S(0, d’, ) on each grid of level /

Boundary (ghost cell) operators

Synchronization of Q' and v/ on S}

Specification of Dirichlet boundary /2W —9
conditions for a finite volume y
discretization for @ = w and v/ = w Q

on /5/1 + | | |
Specification of v/ =0 on 7,1 | | Q 2w — le
Specification of Q, = (n=1)Q""1+2Q' vj —Vj

r+1
on I}
Coarse-fine boundary flux accumulation and application of §H/*1 on defect d’

Standard prolongation and restriction on grids between adjacent levels

Adaptation criteria

E.g., standard restriction to project solution on 2x coarsended grid,
then use local error estimation
Looping instead of time steps and check of convergence
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Multigrid algorithms on SAMR data structures

Additive geometric multigrid algorithm

AdvancelevelMG(/) - Correction Scheme

Set ghost cells of Q'

Calculate defect d' from Q',¢’ d = — AQ)

If (I < Ihax)
Calculate updated defect r' from v, d' M r = gt —.A(VIH)
Restrict d'™' onto d’ d =R

Do 11 smoothing steps to get correction v/ vii= S(0, dl,yl)

If (> lnin)

Do v>1 times
AdvanceLevelMG(/ — 1)
Set ghost cells of viTt

Prolongate and add v'~' to v/ vi= v+ (VY
If (12 >0)
Set ghost cells of v/
Update defect d’ according to v/ d :=d — AW
Do 1» post-smoothing steps to get r! rl = S(vl,dl,ug)
Add addional correction r' to v/ vii=vi+
Add correction v/ to Q' Q =Q +
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Multigrid algorithms on SAMR data structures

Additive Geometric Multiplicative Multigrid Algorithm

Start - Start iteration on level /max

For | = I,,.x Downto /., +1 Do
Restrict Q' onto Q' !

Regrid(0)

AdvanceLevelMG (/ax)

See also: [Trottenberg et al., 2001], [Canu and Ritzdorf, 1994]
Vertex-based: [Brandt, 1977], [Briggs et al., 2001]
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[ J
Example
Example
—
On Q = [0, 10] ><.[O, 10] use hat {;
function
]
p = Acos(2R>, r < Rp
elsewhere /
with r = /(x1 — Xa)2 4 (x2 — Ya)? /j
to define three sources with - L/
n A,, Rn Xn Yn \\_/ /
1 0.3 0.3 6.5 8.0
2| 02 ]03]20] 70
3| -01]04]70]30 S /
128 x 128 | 1024 x 1024 | 1024 x 1024
Imax 3 0 0
Imin -4 -7 -4
121 5 5 5
Vo 5 5 5
V-Cycles 15 16 341
Time [sec] 9.4 27.7 563

Stop at ||d'|[max < 1077 for I >0,y =1, =2
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Comments on parabolic problems

Some comments on parabolic problems

Consequences of time step refinement
Level-wise elliptic solves vs. global solve

If time step refinement is used an elliptic flux correction is
unavoidable.

The correction is explained in Bell, J. (2004). Block-structured
adaptive mesh refinement. Lecture 2. Available at
https://ccse.lbl.gov/people/jbb/shortcourse/lecture2.pdf.
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