Lecture 1
Fundamentals: Used schemes and mesh
adaptation

Course Block-structured Adaptive Mesh Refinement Methods for
Conservation Laws
Theory, Implementation and Application

Ralf Deiterding

Computer Science and Mathematics Division
Oak Ridge National Laboratory
P.O. Box 2008 MS6367, Oak Ridge, TN 37831, USA

E-mail: deiterdingr@ornl.gov

Fundamentals: Used schemes and mesh adaptation 1



Outline

Conservation laws
Mathematical background
Examples

Fundamentals: Used schemes and mesh adaptation



Outline

Conservation laws
Mathematical background
Examples

Finite volume methods
Basics of finite difference methods
Splitting methods, second derivatives

Fundamentals: Used schemes and mesh adaptation 2



Outline

Conservation laws
Mathematical background
Examples

Finite volume methods
Basics of finite difference methods
Splitting methods, second derivatives

Upwind schemes
Flux-difference splitting
Flux-vector splitting
High-resolution methods

Fundamentals: Used schemes and mesh adaptation 2



Outline

Conservation laws
Mathematical background
Examples

Finite volume methods
Basics of finite difference methods
Splitting methods, second derivatives

Upwind schemes
Flux-difference splitting
Flux-vector splitting
High-resolution methods

Meshes and adaptation
Elements of adaptive algorithms
Adaptivity on unstructured meshes
Structured mesh refinement techniques

Fundamentals: Used schemes and mesh adaptation 2



Conservation laws

Outline

Conservation laws
Mathematical background
Examples

Fundamentals: Used schemes and mesh adaptation kj



Conservation laws
@000

Mathematical background

Hyperbolic Conservation Laws

%q(& )+ a%nf,,(q(x, t)) =0, DC{(x,t)e R xR{}
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Mathematical background

Hyperbolic Conservation Laws

d ) B d . ot
aq(x7t)+nzz;aixnfn(q(xvt))_07 DC{(X,t)E]R ><]RO}

q=q(x,t) €S C R - vector of state, f.(q) € C*(S,RM) - flux functions,
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@000
Mathematical background

Hyperbolic Conservation Laws

><t)+Za 2(a(x.t) =s(a(x, 1)), D C {(xt) € R’ xRy}

q=q(x,t) €S C R - vector of state, f.(q) € C*(S,RM) - flux functions,
s(q) € C*(S,RM) - source term

Definition (Hyperbolicity)

A(q,v) = v1A1(q) + - - - + vaAa(q) with A,(q) = 9f,(q)/9q has M real
eigenvalues A\1(q,v) < ... < Au(q,v) and M linear independent right
eigenvectors rpn(q, v).
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@000
Mathematical background

Hyperbolic Conservation Laws

><t)+Za 2(a(x.t) =s(a(x, 1)), D C {(xt) € R’ xRy}

q=q(x,t) €S C R - vector of state, f.(q) € C*(S,RM) - flux functions,
s(q) € C*(S,RM) - source term

Definition (Hyperbolicity)

A(q,v) = v1A1(q) + - - - + vaAa(q) with A,(q) = 9f,(q)/9q has M real
eigenvalues A\1(q,v) < ... < Au(q,v) and M linear independent right
eigenvectors rpn(q, v).

If f.(q) is nonlinear, classical solutions [
q(x,t) € CY(D, S) do not generally exist, not N
even for qo(x) € C*(RY,S) [Majda, 1984], / \
[Godlewski and Raviart, 1996], £ /

[Kréner, 1997] AN /

Example: Euler equations e

Distance -x
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Weak solutions

Integral form (Gauss's theorem):

/q(x7 t+ At)dx — /q(x, t) dx

+zd: 7& / f.(a(o, t)) os(0) do dt = 7& / s(a(x, ) dx
=1l % 59 t Q
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Conservation laws
[e] le]e]
Mathematical background

Weak solutions

Integral form (Gauss's theorem):

/q(x7 t+ At)dx — /.q(x, t) dx

+zd: 7At / f.(a(o, t)) os(0) do dt = 7& / s(a(x, ) dx
=1l % 59 t Q

Theorem (Weak solution)
Qo € LE(R?,S). q € L§2(D, S) is weak solution if q satisfies
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Conservation laws
[e] le]e]
Mathematical background

Weak solutions

Integral form (Gauss's theorem):

/q(x7 t+ At)dx — /.q(x, t) dx

+Z 7At / f.(a(o, t)) os(0) do dt = 7& / s(a(x, ) dx
o9 t Q

Theorem (Weak solution)
Qo € LE(R?,S). q € L§2(D, S) is weak solution if q satisfies

[]]%

for any test function ¢ € C§(D, S)

gso ~fn(a) — ¢~S(Q)] dxdt+/¢(x,0)~qo(X) dx =0

Rd
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Conservation laws
[e]e] o]

Mathematical background

Entropy solutions

Select physical weak solution as Iirr:] d- = q almost everywhere in D of
E—>

dqg

P aq.
+Z Bx,, q =s(q.), xeR?, t>0

X
n=1 an
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[e]e] o]

Mathematical background

Entropy solutions

Select physical weak solution as Iirr:] d- = q almost everywhere in D of
E—>

9 <= Of(q.) | 9q.
ot "L ox _6,; 92

=s(q.), xeR?, t>0

Theorem (Entropy condition)

Assume existence of entropy n € C*(S,R) and entropy fluxes ¢, € C'(S,R)
that satisfy
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Mathematical background

Entropy solutions

Select physical weak solution as Iirr:] d- = q almost everywhere in D of
E—>

99q.
ot

c eER?, t>0
o3 0% 0

Theorem (Entropy condition)

Assume existence of entropy n € C*(S,R) and entropy fluxes ¢, € C'(S,R)
that satisfy

on(@)" oh(a) _ovn@"
oq oq oq B
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Conservation laws
[e]e] o]

Mathematical background

Entropy solutions

Select physical weak solution as Iirr:] d- = q almost everywhere in D of
E—>

99q.
ot

c eER?, t>0
o3 0% 0

Theorem (Entropy condition)

Assume existence of entropy n € C*(S,R) and entropy fluxes ¢, € C'(S,R)
that satisfy

on(@)" oh(a) _ovn@"
oq oq oq B

then Iim0 q- = q almost everywhere in D is weak solution and satisfies
e

+28sz" < (qQ) s(a)

in the sense of distributions. Proof: [Godlewski and Raviart, 1996]
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Definition (Entropy solution)

Weak solution q is called an entropy solution if q satisfies
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Conservation laws
[e]e]e] ]
Mathematical background

Entropy solutions Il

Definition (Entropy solution)

Weak solution q is called an entropy solution if q satisfies

d T
//[ w@ + 32 2 y(q) - p 21 -s(q)} axdt+ [ o(x.0)n(an(x)) e > 0
:1 n

Oq
0 Rd Rd

for all entropy functions 7(q) and all test functions ¢ € C{(D,Rf), ¢ >0
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Conservation laws
[e]e]e] ]
Mathematical background

Entropy solutions Il

Definition (Entropy solution)
Weak solution q is called an entropy solution if q satisfies

d T
/ / [ n(a) + 8—“"wn(q)—soa”—(“) -s(q>} dxde + [ (x0) n(ao(x)) dx > 0
1

- 6Xn Oq
0 Rd - Rd

for all entropy functions 7(q) and all test functions ¢ € C{(D,Rf), ¢ >0

Theorem (Jump conditions)

An entropy solution q is a classical solution q € C'(D,S) almost everywhere and
satisfies the Rankine-Hugoniot (RH) jump condition

(at —q~ crt+an ) —fa(@”)) on =10

Fundamentals: Used schemes and mesh adaptation 7



Conservation laws

[e]e]e] ]

Mathematical background

Entropy solutions Il
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Definition (Entropy solution)
Weak solution q is called an entropy solution if q satisfies

d T
/ / [ n(a) + 8—“"wn(q)—soa”—(“) -s(q>} dxde + [ (x0) n(ao(x)) dx > 0
1

- 6Xn Oq
0 Rd - Rd

for all entropy functions 7(q) and all test functions ¢ € C{(D,Rf), ¢ >0

Theorem (Jump conditions)

An entropy solution q is a classical solution q € C'(D,S) almost everywhere and
satisfies the Rankine-Hugoniot (RH) jump condition

(at —q~ crt+an ) —fa(@”)) on =10

and the jump inequality

d
(m(a") —n(a ) oc+ > (¥n(a®) —¥n(a™)) on <0

n=1

along discontinuities. Proof: [Godlewski and Raviart, 1996]
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L Je]
Examples

Examples

Euler equations

dp 0 B
ot + 0x (pu,,) =0

0 0
a(puk)""ax (PUkUn‘f'(;knP):Oa k:]-vvd

%(PE) + %(“n(pE +p)) =0
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Euler equations

dp 0 B
ot + 0x (pu,,) =0

0 0
a(puk)""ax (PUkUn‘f'(;knP):Oa k:]-vvd

%(PE) + %(“n(pE +p)) =0

with polytrope gas equation of state

1
p= (v = 1)(pE = 5punun)
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Conservation laws
L Je]
Examples

Examples

Euler equations

dp 0 B
ot + 0x (pu,,) =0

0 0
a(puk)""ax (PUkUn‘f'(;knP):Oa k:]-vvd

%(PE) + %(“n(pE +p)) =0

with polytrope gas equation of state

1
p= (v = 1)(pE = 5punun)

have structure
8tq(xv t) +V- f(q(xa t)) =0
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Conservation laws
oe
Examples

Examples Il

Navier-Stokes equations
ap n 0
ot  Oxn

(pun) =0

0 0

a(puk) + aT(puku,,—i—&np—Tk,,) =0, k=1,...,d
0

0
E(pE) + 87x,,(un(pE + P) +qn — Tnjuf) =0

Fundamentals: Used schemes and mesh adaptation 9



Conservation laws

oe
Examples
Examples Il
Navier-Stokes equations
ap 0 _
ot + OXn ('Du") =0

0 0
a(puk) + aT(puku,,—i—&np—Tk,,) =0, k=1,...,d
0

ot

with stress tensor

0
(pE) + 87(un(pE + p) + Gn — Tojuj) =0

ou,  Oug gu%&n

Tk":“(axk axn)_3 0x;

and heat conduction
oT

Oxn

Gn = —A

Fundamentals: Used schemes and mesh adaptation 9



Conservation laws

oe
Examples
Examples Il
Navier-Stokes equations
ap 0 _
ot + OXp ('Du") =0
0 0
a(puk) + a—xn(puku,7 +5knp—7'k,,) =0, k=1,...,d
2(pE) + i(u (PE + p) + Gn — Tjuj) =0
ot Oxp * oy

with stress tensor

Oun 8uk) 2 0y

T = G T o) T 30 O

and heat conduction
oT

Oxn

Gn = —A
have structure

0wq(x,t) + V - f(q(x, t)) + V - h(q(x, t), Va(x, t)) =0
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Conservation laws

oe
Examples
Examples Il
Navier-Stokes equations
ap 0 _
ot + OXn ('Du") =0

0 0
a(puk) + aT(puku,,—i—&np—Tk,,) =0, k=1,...,d
0

ot

with stress tensor

i)
(PE) + 5~ (n(pE + p) + @n — Twjisj) =0

ou,  Oug gu%&n

Tkn:u(axk 8Xn)_3 a)(J

and heat conduction
oT

Oxn

Gn = —A
have structure

0wq(x,t) + V - f(q(x, t)) + V - h(q(x, t), Va(x, t)) =0

Type can be either hyperbolic or parabolic
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Finite volume methods
[ loJe}
Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)

Fundamentals: Used schemes and mesh adaptation 11



Finite volume methods
[ loJe}
Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)

Time discretization t, = nAt, discrete volumes
1 1 .
li =[x — 58x,x + 5 Ax[=: [xj_1/2, Xj11/2[
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Finite volume methods
[ loJe}
Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)

Time discretization t, = nAt, discrete volumes
1 1 .
lj =[x — 38x,x + 3 Ax[=: [X'—I/Q’Xj+1/2[

1
Using approximations Q;(t |’| / x, t)dx, s(Q;(t)) I—/s(q X, t)) dx
i
!

and numerical fluxes

F (Q;(1), Qjr1(t)) = f(a(xj11/2, 1)), H(Qj(1), Qj+1(1)) = h(a(xjt1/2, 1), VA(Xjt1/2, )
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Finite volume methods
[ loJe}
Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)
Time discretization t, = nAt, discrete volumes
I =g — 30x,% + %AX[: [X'—I/Q’Xj+1/2[
1
Using approximations Q;(t |’| / x, t)dx, s(Q;(t)) T /s(q X, t)) dx
i
'

and numerical fluxes

F (Q;(1), Qjr1(t)) = f(a(xj11/2, 1)), H(Qj(1), Qj+1(1)) = h(a(xjt1/2, 1), VA(Xjt1/2, )

yields after integration (Gauss theorem)

tht1
Qtri1) = Qyltn) — 2= [ [F(Q)(8), Quea(t)) — F(Qya(e), Qy(0))] de—
th+1 i1
[ M@ Q) - H@a(0. QN de+ [ s(@y(0)) e

Fundamentals: Used schemes and mesh adaptation 11



Finite volume methods
[ loJe}
Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)
Time discretization t, = nAt, discrete volumes
I =g — 30x,% + %AX[: [X'—I/Q’Xj+1/2[
1
Using approximations Q;(t |’| / x, t)dx, s(Q;(t)) T /s(q X, t)) dx
i
'

and numerical fluxes

F (Q;(1), Qjr1(t)) = f(a(xj11/2, 1)), H(Qj(1), Qj+1(1)) = h(a(xjt1/2, 1), VA(Xjt1/2, )

yields after integration (Gauss theorem)

tht1
Qtri1) = Qyltn) — 2= [ [F(Q)(8), Quea(t)) — F(Qya(e), Qy(0))] de—
th+1 i1
[ M@ Q) - H@a(0. QN de+ [ s(@y(0)) e

For instance:
Q- q ,ﬂ[ F(Q),Q),) —F(Q,.q))] -

ii [ (Q Qf“) - (QJ 1,0.)} + Ats(Q]) dt
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Finite volume methods
o] lo}
Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form

Q" =1, ..., QL)
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Finite volume methods
o] lo}
Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form
Q" =1, ..., QL)
Definition (Stability)

For each time 7 there is a constant Cs and a value ng € N such that
[HAD(Q")|| < Cs for all nAt <7, n < n
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Finite volume methods
o] lo}
Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form

Q™ = HAQY .., Q)

Definition (Stability)

For each time 7 there is a constant Cs and a value ng € N such that
[HAD(Q")|| < Cs for all nAt <7, n < n

Definition (Consistency)

If the local truncation error
1
L8, 1) = 1 [aCe £+ A1)~ 7O (-, 1))]

satisfies ||L(A9(-,t)]| — 0 as At — 0
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Finite volume methods
o] lo}
Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form
Q" =1, ..., QL)

Definition (Stability)

For each time 7 there is a constant Cs and a value ng € N such that
[HAD(Q")|| < Cs for all nAt <7, n < n

Definition (Consistency)

If the local truncation error
1
L8, 1) = 1 [aCe £+ A1)~ 7O (-, 1))]

satisfies ||L(A9(-,t)]| — 0 as At — 0

Definition (Convergence)
If the global error £49(x, t) := Q(x, t) — q(x, t) satisfies || (., t)|| — 0 as
At — 0 for all admissible initial data qo(x)
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Finite volume methods
[ele] J
Basics of finite difference methods

Some classical definitions Il

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LA t)]| < CLAL® for all At < Aty , t < T
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Finite volume methods
[ele] J
Basics of finite difference methods

Some classical definitions Il

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LA t)]| < CLAL® for all At < Aty , t < T

Definition (Conservative form)
If H(-) can be written in the form

. At . " "
Q = Q T~ Ao (F(Qj s+1s e Qj+s) - F(ijm LERE Qj+sfl))
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Finite volume methods
[ele] J
Basics of finite difference methods

Some classical definitions Il

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LA t)]| < CLAL® for all At < Aty , t < T

Definition (Conservative form)
If H(-) can be written in the form

. At . " "
Q = Q T~ Ao (F(Qj s+1s e Qj+s) - F(ijm LERE Qj+sfl))

A conservative scheme satisfies

2.9 => ¢

JjEZ JEZ
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Finite volume methods
[ele] J
Basics of finite difference methods

Some classical definitions Il

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LA t)]| < CLAL® for all At < Aty , t < T

Definition (Conservative form)
If H(-) can be written in the form
n At n n n
Q = Q T~ Ao (F(Qj s+1s e Qj+s) - F(ijm LERE Qj+sfl))

A conservative scheme satisfies

2.9 => ¢

JjEZ JEZ

Definition (Consistency of a conservative method)

If the numerical flux satisfies F(q,...,q) = f(q) forallq € S

Fundamentals: Used schemes and mesh adaptation



Finite volume methods
L Je]
Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!

HAD . 9.q+V-f(q)=0, IC Q(tn) 2= Q
S . 9:q = s(q) , IC: Q@ &5 Q(tm + At)
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Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!

HAD . 9.q+V-f(q)=0, IC Q(tn) 2= Q
S . 9:q = s(q) , IC: Q@ &5 Q(tm + At)

Ist-order Godunov splitting: Q(t,, + At) = SAIHA)(Q(t,,)),
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Finite volume methods
L Je]
Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!

HAD . 9.q+V-f(q)=0, IC Q(tn) 2= Q
S . 9:q = s(q) , IC: Q@ &5 Q(tm + At)

Ist-order Godunov splitting: Q(t,, + At) = SAIHA)(Q(t,,)),
2nd-order Strang splitting : Q(ty, + At) = SGAVH(ADSGAD)(Q(t,,))
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Finite volume methods
L Je]
Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!

HAD . 9,q+V-f(q) =0,

SAY d:q = s(q) ,

Ist-order Godunov splitting: Q(t,, + At) = SAIHA)(Q(t,,)),
2nd-order Strang splitting : Q(ty, + At) = SGAVH(ADSGAD)(Q(t,,))

1st-order dimensional splitting for
XA 9.4 0 fi(q) =0,
X80 0,9+ Dfa(q) =0,
[Toro, 1999]

Fundamentals: Used schemes and mesh adaptation

HO):
IC: Q(tm)
IC: QY2

At
=

At
=

IC: Q(tm) 25 Q
IC: @ &5 Q(tm + A1)

Q2

s}




Finite volume methods
o] ]
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 8;q — cAq = 0 with ¢ € RT
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Finite volume methods
o] ]
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 8:qg — cAq = 0 with ¢ € Rt , which is readily discretized as
At At
Qn“ Qi + “AZ ( i1k — 2Qp + Qfﬂ,k) + CTX% ( i1 — 2Qp + Qe 1)
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Finite volume methods
o] ]
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 8:qg — cAq = 0 with ¢ € Rt , which is readily discretized as
At At
Qn+1 Qk + C ( jn+1.,k - QQJ!;( + ijfl.,k> + CAX22 ( Jn.k+1 - 2Qj7< + Qﬂkfl)

or conservatively

At At
ntl _ on 1 oyt 2 2
Q e+ S A <HJ+2k oy >+c - <Hj7k+% HM_%)
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Finite volume methods
o] ]
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 9:q — cAq = 0 with ¢ € R* , which is readily discretized as
At At
Qn“ Qk+c ( i1l — 2Q + QL 1k>+c ( 1 — 2Qp + Qi 1)

or conservatively
At At
ntl _ HY Y, —H H2 _H?
Q Jk+CAX < J+2 k j—%,k) +CAXQ ( J7k+2 j,k—%
Von Neumann stability analysis: Insert single eigenmode (A()(t.“)e"klx1 ek2%2 into
discretization
Ol = Oy <©neik1Axl —20" + one—[kle1>+C2 (Qneiszxz _ 20"+ Qne—iszx2>

with C, = c-At t=1,2,

2
Ax?

Fundamentals: Used schemes and mesh adaptation 15



Finite volume methods
o] ]
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 9:q — cAq = 0 with ¢ € R* , which is readily discretized as
At At
Qn+1 Qk + C ( jn+1.,k - QQJ!;( + ijfl.,k> + CAX22 ( Jn.k+1 - 2Qj7< + Qﬂkfl)

or conservatively

At At
ntl _ on 1 oyt 2 2
Q e+ S A <HJ+2k oy >+c - <Hj7k+% HM_%)

Von Neumann stability analysis: Insert single eigenmode ({)(t.‘)e"klx1 ek2%2 into
discretization

Ol = Oy <©neik1Axl —20" + one—[kle1>+C2 (Qneiszxz _ 20"+ Qne—iszx2>

with C, = CF, v = 1,2, which gives after inserting ek:Xt = cos(k,x,) + isin(k,x,)

QM = Q" (1 +2C1(cos(k1Ax1) — 1) 4 2Ca(cos(kaAxz) — 1))
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Finite volume methods
o] ]
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 9:q — cAq = 0 with ¢ € R* , which is readily discretized as
At At
Qn+1 Qk + C ( jn+1.,k - QQJ!;( + ijfl.,k> + CAX22 ( Jn.k+1 - 2Qj7< + Qﬂkfl)

or conservatively

At At
ntl _ on 1 oyt 2 2
Q e+ S A <HJ+2k oy >+c - <Hj7k+% Hj’k_é)

Von Neumann stability analysis: Insert single eigenmode ({)(t.‘)e"klx1 ek2%2 into
discretization

Ol = Oy <©neik1Axl —20" + one—[kle1>+C2 (Qneiszxz _ 20"+ Qne—iszx2>
with C, = CF, v = 1,2, which gives after inserting ek:Xt = cos(k,x,) + isin(k,x,)

QM = Q" (1 +2C1(cos(k1Ax1) — 1) 4 2Ca(cos(kaAxz) — 1))
Stability requires
|14+ 2Ci(cos(kiAxi) — 1) +2C(cos(k2Axp) — 1) <1
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Finite volume methods
o] ]
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 9:q — cAq = 0 with ¢ € R* , which is readily discretized as
At At
Qn+1 Qk + C ( jn+1.,k - QQJ!;( + ijfl.,k> + CAX22 ( Jn.k+1 - 2Qj7< + Qﬂkfl)

or conservatively

At At
ntl _ on 1 oyt 2 2
Q e+ S A <HJ+2k oy >+c - <Hj7k+% HM_%)

Von Neumann stability analysis: Insert single eigenmode ({)(t.‘)e"klx1 ek2%2 into
discretization

Ol = Oy <©neik1Axl —20" + one—[kle1>+C2 (Qneiszxz _ 20"+ Qne—iszx2>
with C, = CF, v = 1,2, which gives after inserting ek:Xt = cos(k,x,) + isin(k,x,)

QM = Q" (1 +2C1(cos(k1Ax1) — 1) 4 2Ca(cos(kaAxz) — 1))
Stability requires
|14 2Ci(cos(kiAx) — 1) 4+ 2Co(cos(koAxp) — 1) < 1
i.e.
[1-4CG —4G| <1
from which we derive the stability condition
( At At > 1
0<c + <5
AX? Ax2 2

Fundamentals: Used schemes and mesh adaptation 15



Upwind schemes
@000
Flux-difference splitting

Linear upwind schemes

Consider Riemann problem

0 0
§ A— = eER
tq(x, t)+ ‘Xq(x, t)=0, x , t>0
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Upwind schemes
@000

Flux-difference splitting

Linear upwind schemes ¢

M—1

Z Bmtm + dprp
m=1

M
Bin + Z Smrm
m=2

Consider Riemann problem

. M M
57900 A q(x t)=0, x€R, t>0 %= 2 omm 2 fmem
Has exact solution e Vs
at)=a,+ > amtm=Gdg— > amftm= D Omtm+ P Pmfm
Am<x/t Am>x/t Am>x/t Am<x/t
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Upwind schemes
@000
Flux-difference splitting

Linear upwind schemes ¢

M—1

Z Bmtm + dprp
m=1

Consider Riemann problem
3(xt:)+A3 (x,t)=0, xR, t>0
8tq ) 8Xq ) =Y, »
Has exact solution 0
q(x, t) =4q; + Z amfm =dqp — Z amfm = Z Smrm + Z Bmtm
Am<x/t Am>x/t Am>x/t Am<x/t
Use Riemann problem to evaluate numerical flux F(q,,q;) := f(q(0, t)) = Aq(0, t) as

F(qL,qR) = ACIL“F Z amAmfm = AqR— Z amAm¥fm = Z OmAmfm~+ Z BmAmtm
Am<0 Am>0 Am>0 Am<0
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Upwind schemes
@000

Flux-difference splitting

Linear upwind schemes

Consider Riemann problem

1o} Ie]

—q(x,t)+A=—q(x,t) =0, xR, t>0
S-alx O +AL ax, 1) =0, x

Has exact solution

0
q(th):qL"F Z amfm =dqp — Z amfm = Z Smrm + Z Bmtm

Am<x/t Am>x/t Am>x/t Am<x/t

Use Riemann problem to evaluate numerical flux F(q,,q;) := f(q(0, t)) = Aq(0, t) as

F(qL,qR) = AqL+ Z amAmfm = AqR— Z aAmAmrm = Z OmAmfm~+ Z BmAmtm

Am<0 Am>0 Am>0 Am<0
Use AL = max(Am,0), Am = min(Am, 0)
to define AT :=diag(\f, ..., AF), A~ =diag(A], ..., A\y)
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Upwind schemes
@000

Flux-difference splitting

Linear upwind schemes ¢

M—1

Z Bmtm + dprp
m=1

Bin + Z Smrm

m=2

Consider Riemann problem
M

P 9 N
57900 D+AZ—a(x,t) =0, x€R, t>0 % 20

Has exact solution

0
q(th):qL"F Z amfm =dqp — Z amfm = Z Smrm + Z Bmtm

Am<x/t Am>x/t Am>x/t Am<x/t

Use Riemann problem to evaluate numerical flux F(q,,q;) := f(q(0, t)) = Aq(0, t) as

F(qL,qR) = AqL+ Z amAmfm = AqR— Z aAmAmrm = Z OmAmfm~+ Z BmAmtm

Am<0 Am>0 Am>0 Am<0
Use AL = max(Am,0), Am = min(Am, 0)
to define AT :=diag(\f, ..., AF), A~ =diag(A], ..., A\y)
and At :=RAtR™!, A :=RA-R™! which gives

F(a,,a5) =Aq, + A" Aq=Aq, —ATAq=A%q, + A q,

with Aq=q, —q;
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Upwind schemes
0@00
Flux-difference splitting

Flux difference splitting

Godunov-type scheme with AQ/H/2 Q7, —Qf

Q" = Q) o7 (AAQL, +ATAG) )
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Upwind schemes
0@00
Flux-difference splitting

Flux difference splitting

Godunov-type scheme with AQ/H/2 Q7, —Qf

Q}7+1 Q" (A JAN J+1/2 +A AQ 1/2)

Use linearization f(g) = A(qL,qR)c_] and construct scheme for nonlinear
problem as

Q= Q) - 1 (A(Q7.Q1.1)AQ7, + AY(Q),.Q))AQ) )
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Upwind schemes
0@00
Flux-difference splitting

Flux difference splitting

Godunov-type scheme with AQ/H/2 Q7, —Qf

Q}7+1 Q" (A JAN J+1/2 +A AQ 1/2)

Use linearization f(g) = A(qL,qR)c_] and construct scheme for nonlinear
problem as

n At n n n n n
Q= Q- o (A(Q).Q7)AQ), +AT(Q),,Q))8Q) )
stability condition
At

N — < =1,...
r}]eaZXM’"*J*%'Ax*l’ forall m=1,....M

[LeVeque, 1992]

Fundamentals: Used schemes and mesh adaptation 17



Upwind schemes
[e]e] ]o)

Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
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Upwind schemes
[e]e] ]o)

Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
(i) A(qL,qR) has real eigenvalues
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Upwind schemes
[e]e] ]o)

Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
(i) A(qL,qR) has real eigenvalues

of(a)

(i) Aq,,q;) — 9q 2 d0dr —d
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Upwind schemes
[e]e] ]o)
Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
(i) A(qL,qR) has real eigenvalues

of(a)

(i) Aq,,q;) — 9q 2 d0dr —d
(i) A(a,,a,)Aq =f(ag) — f(q,)
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Upwind schemes
[e]e] ]o)

Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
(i) A(qL,qR) has real eigenvalues

of(a)

(i) Aq,,q;) — 9q 2 d0dr —d
(i) A(a,,a,)Aq =f(ag) — f(q,)

For Euler equations:

VPLPR + \/PROL
VoL +/pr

VpPLve + \/PrRVR
\PL+ /PR

forv=u, H

=/pipr and U=

p=
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Upwind schemes
[e]e] ]o)

Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
(i) A(qL,qR) has real eigenvalues

of(a)

(i) Aq,,q;) — 9q 2 d0dr —d
(i) A(a,,a,)Aq =f(ag) — f(q,)

For Euler equations:

b= VPLPR + \/PRPL — /PR and ©= VPLVL + \/PRVR for v = up, H
\PL+ /PR \PL+ /PR
Wave decomposition: Aq=q, —q, = Z am Pm
F(qL:qR) = f(qL) + Z 5"" am ?m = f(qR) - 3"77 am ?m
Am<0 Am>0

-1 (r«m 4 a)— 3 Ponl am

Fundamentals: Used schemes and mesh adaptation 18



Upwind schemes
[e]e]e] )

Flux-difference splitting

Harten-Lax-Van Leer (HLL) approximate Riemann solver

q,, x<s/t
a(x,t) =4 q°, s t<x<syt
dr ; X >spt
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Upwind schemes
[e]e]e] )

Flux-difference splitting

Harten-Lax-Van Leer (HLL) approximate Riemann solver

q,, x<s/t
a(x,t) =4 q°, s t<x<syt
dr ; X >spt

f(qL) 9, 0 < SL bl
f(a,) — s f(a,) + -
Fr(a,,ag) = spf(a,) —s,f(ag) +5,5:(a; —q,) . s, <0<s,,
S TSt
f(ag) , 0>sg,
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Upwind schemes
[e]e]e] )

Flux-difference splitting

Harten-Lax-Van Leer (HLL) approximate Riemann solver

q,, x<s/t
a(x,t) =4 q°, s t<x<syt
dr ; X >spt

f(qL) 9, 0 < SL bl
f(a,) — s f(a,) + -
Fr(a,,ag) = spf(a,) —s,f(ag) +5,5:(a; —q,) . s, <0<s,,
S TSt
f(ag) , 0>sg,

Euler equations:
s, =min(uy,L — ¢, u1,r — Cr) , Sp = max(u, + ¢, u1R + CR)

[Toro, 1999], HLLC: [Toro et al., 1994]
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Upwind schemes

Flux-vector splitting
Flux vector splitting
Splitting
F(a,,az) =f"(aq,) +f (ag)

f(q) =f"(q) +f (q) fieg e E STRE -
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Upwind schemes

Flux-vector splitting
Flux vector splitting
Splitting
F(a,,az) =f"(aq,) +f (ag)

f(q) =f"(q) +f (q) fieg e E STRE -

Qerived under restriction /A\ﬁ1 > 0 and
Am <Oforallm=1,..., M for

At(q) = af;éq) :
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Upwind schemes

e0
Flux-vector splitting
Flux vector splitting
Splitting
_ F(a,,ag) = f"(a,) +f (ag)
f(q) =f"(q) + f (q) Bax oo LR
Qerived under restriction /A\ﬁ1 > 0 and éf‘(qL) f*(qL)éf‘(qR) +
Am <Oforallm=1,..., M for :
R of(a) A of(q) : \/ : :
A+ _ A _ 7 T ¥ ¥ 4
(a) 9q (a) 7 a,
plus reproduction of regular upwinding
ft(q) = f(q), f(q9 = 0 if Am>0 forall m=1,....M
ft(q) = 0, f(q) = f(q) if A\p<0 forall m=1,....M
Then use

F(a,,az) =f"(q,) +f (ag)

Fundamentals: Used schemes and mesh adaptation 20



Upwind schemes
(o] }

Flux-vector splitting

Steger-Warming

Required f(q) = A(q)q
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Upwind schemes

(o] }
Flux-vector splitting
Steger-Warming
Required f(q) = A(q)q
1 L
Am = 5 Qo+ Aml)  Am =5 (Am = |Anl)

A*(q):=R(q)A"(@)R"'(a), A (a):=R(@)A (q)R '(a)
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Upwind schemes

(o] }
Flux-vector splitting
Steger-Warming
Required f(q) = A(q)q
1 L
Am = 5 Qo+ Aml)  Am =5 (Am = |Anl)

A*(q):=R(q)A"(@)R"'(a), A (a):=R(@)A (q)R '(a)
Gives
f(a)=A"(a)a+A (a)q

and the numerical flux

F(a,,9;) =A"(a,)a, + A (az) ag
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Upwind schemes
(o] }

Flux-vector splitting

Steger-Warming

Required f(q) = A(q)q

1 1

A*(q) :=R(@)A"(@R'(@), A (a):=R(a)A (a)R'(q)
Gives
f(a) =A"(a)a+A (a)q
and the numerical flux

F(a,,9;) =A"(a,)a, + A (az) ag

Jacobians of the split fluxes are identical to A%(q) only in linear case

oF*(q) _ 0 (A*(a)q) 9A*(a)
oq oq oq

Further methods: Van Leer FVS [Toro, 1999], AUSM [Wada and Liou, 1997]

=A%(a) +

Fundamentals: Used schemes and mesh adaptation 21



Upwind schemes
[ Jelelele}

High-resolution methods

High-resolution methods

Objective: Higher-order accuracy in smooth solution regions but no spurious
oscillations near large gradients
Consistent monotone methods converge toward the entropy solution, but

22
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Upwind schemes
[ Jelelele}

High-resolution methods

High-resolution methods

Objective: Higher-order accuracy in smooth solution regions but no spurious
oscillations near large gradients
Consistent monotone methods converge toward the entropy solution, but

Theorem
A monotone method is at most first order accurate.

Proof: [Harten et al., 1976]

22
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Upwind schemes
[ Jelelele}

High-resolution methods

High-resolution methods

Objective: Higher-order accuracy in smooth solution regions but no spurious
oscillations near large gradients
Consistent monotone methods converge toward the entropy solution, but

Theorem
A monotone method is at most first order accurate.

Proof: [Harten et al., 1976]

Definition (TVD property)
Scheme HA9(Q";j) TVD if TV(Q'*!) < TV(Q') is satisfied for all discrete
sequences Q". Herein, TV(Q') :=3>"._, |1Q}.; — Q]| .

j
TVD schemes: no new extrema, local minima are non-decreasing, local maxima
are non-increasing (termed monotonicity-preserving). Monotonicity-preserving
higher-order schemes are at least 5-point methods. Proofs: [Harten, 1983]

22
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Upwind schemes
[ Jelelele}

High-resolution methods

High-resolution methods

Objective: Higher-order accuracy in smooth solution regions but no spurious
oscillations near large gradients
Consistent monotone methods converge toward the entropy solution, but

Theorem
A monotone method is at most first order accurate.

Proof: [Harten et al., 1976]

Definition (TVD property)
Scheme HA9(Q";j) TVD if TV(Q'*!) < TV(Q') is satisfied for all discrete
sequences Q". Herein, TV(Q') :=3>"._, |1Q}.; — Q]| .

J

TVD schemes: no new extrema, local minima are non-decreasing, local maxima
are non-increasing (termed monotonicity-preserving). Monotonicity-preserving
higher-order schemes are at least 5-point methods. Proofs: [Harten, 1983]

TVD concept is proven [Godlewski and Raviart, 1996] for scalar schemes only
but nevertheless used to construct high resolution schemes.
Monotonicity-preserving scheme can converge toward non-physical weak
solutions.

22
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Upwind schemes

[¢] le]e]e}
High-resolution methods

MUSCL slope limiting

Monotone Upwind Schemes for Conservation Laws [van Leer, 1979]

L .1 +
QH% = Qj + " |:(1—w)¢j7%Aj7% +(1+w)¢J

o]
~rR . 1 - +
Qj*%—oj_Z|:(1_w)¢j+%Aj+%+(1+w)¢j—%Aj—%:|

with & 1/ = Q = QL1 Bji1p = Qfyy — Q.
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High-resolution methods

MUSCL slope limiting

Upwind schemes

[¢] le]e]e}

Monotone Upwind Schemes for Conservation Laws [van Leer, 1979]

~ L _ n 1 + _
Qj+%7oj+Z{(1_w)¢j7%Aj7%+(1+w)¢j+%Aj+%} ,
~R 1 — +
QJ*%—QJ_Z|:(1_w)¢J+%AJ+%+(1+w)¢1*%AJ_%:|
with & 1/ = Q = QL1 Bji1p = Qfyy — Q.
A» 1 A 1
o + - - ; + . T3 - _ _d73
¢j—% .—d)(rji%) , ¢j+% .—¢<rj+%> with rji% N ’:/+% = AL,
=3 J+3

and slope limiters, e.g., Minmod

®(r) = max(0, min(r, 1))
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High-resolution methods

Upwind schemes
[¢] le]e]e}

MUSCL slope limiting

Monotone Upwind Schemes for Conservation Laws [van Leer, 1979]

~ L n 1 + _
Q=0+ {(1 —w)@ A+ +w)¢j+%Aj+%} ,
SR, 1 _ 4
QJ*%—QJ 2 (1 w)¢]+%Aj+%+(1+w)¢‘17%AJ_%
with & 1/ = Q = QL1 Bji1p = Qfyy — Q.
_ A1 A 1
¢,+1::¢<r,+1> , & 1::¢<r,71> with rt | = LA , r = /72
J=3 J=3 itz Jts =3 A1 Jt3 A
V=3 Jt3

and slope limiters, e.g., Minmod
®(r) = max(0, min(r, 1))
Using a midpoint rule for temporal integration, e.g.,
1 At
* _ nn_ - =% n ny _ n n
&= A <F( e @) = FLQFs Qj—l))

and constructing limited values from Q* to be used in FV scheme gives a TVD
method if 1

5 [(1 —w)o(N+(1+w)ro <1>} < min(2,2r)
r
is satisfied for r > 0. Proof: [Hirsch, 1988]
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Upwind schemes
[e]e] lele}
High-resolution methods

Wave Propagation with flux limiting

Wave Propagation Method [LeVeque, 1997] is built on the flux differencing approach
AEA = Ai(qL,qR)Aq and the waves Wy, := amtm, i.e.

ATAq= > AaWn, ATAq= > AnWn
Am<0 Am>0
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Upwind schemes
[e]e] lele}
High-resolution methods

Wave Propagation with flux limiting

Wave Propagation Method [LeVeque, 1997] is built on the flux differencing approach
AEA = Ai(qL,qR)Aq and the waves Wy, := amtm, i.e.

A"Bq= D AnWn, AtAq= > AnWn

Am<0 Am>0
Wave Propagation 1D:
ot =qp - 1w ey sy ) - 2o (B )
with
- 1 At 1 AN op s
Fiep =35 Al <1 ~ Ax W) By =5 2 A <1 - E) A Vit
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Upwind schemes
[e]e] lele}

High-resolution methods

Wave Propagation with flux limiting

Wave Propagation Method [LeVeque, 1997] is built on the flux differencing approach
AEA = Ai(qL,qR)Aq and the waves Wy, := amtm, i.e.

A"Bq= D AnWn, AtAq= > AnWn

Am<0 Am>0
Wave Propagation 1D:
At At /o .
ntl _ on _ =% —A. TA. [ . —F.
Q= Q- - (AT +ata ) - (Bl -Fy)
with
1 At 1Y At
E _ - _ = _ - im _ /0 Im Aym
Fiep =3 M <1 Ax V”) By =5 2 A <1 Ax) i
and wave limiter
Amo m m
Wj+% - ¢(®j+§)wj+%

with o
am | /am Am >0
m *%/lJr%’ AJ+%_ 5

J+3
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Upwind schemes
[e]e]e] lo}

High-resolution methods

Wave Propagation Method in 2D

Writing A* Ajy1p = =Af Aji1) +F j+1/2 one can develop a truly two-dimensional
one-step method [Langseth and LeVeque, 2000]

Q"H j 7%(“&_%‘%**%% [ _E_Aj+l k+3 +ATB* Ay, k7%]+
ABy g [T B Ay + 4758
_Ai; (BiAj K+l T %Aixtl [B AiAjJr%,kJrl +B*A+Aﬁ%,k+1] +
50y =y (A A )
that is stable for
{Tea%\)\ mjtd AA—t keZl mkt 1 AA—Xt} <1, foralm=1,....M

Fundamentals: Used schemes and mesh adaptation




Upwind schemes
[e]e]e]e] }

High-resolution methods

Further high-resolution methods

Some further high-resolution methods (good overview in [Laney, 1998]):
FCT: 2nd order [Oran and Boris, 2001]
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Upwind schemes
[e]e]e]e] }

High-resolution methods

Further high-resolution methods

Some further high-resolution methods (good overview in [Laney, 1998]):
FCT: 2nd order [Oran and Boris, 2001]
ENO/WENO: 3rd order [Shu, 97]
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Upwind schemes
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High-resolution methods

Further high-resolution methods

Some further high-resolution methods (good overview in [Laney, 1998]):
FCT: 2nd order [Oran and Boris, 2001]
ENO/WENO: 3rd order [Shu, 97]
PPM: 3rd order [Colella and Woodward, 1984]
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Upwind schemes
[e]e]e]e] }

High-resolution methods

Further high-resolution methods

Some further high-resolution methods (good overview in [Laney, 1998]):
FCT: 2nd order [Oran and Boris, 2001]
ENO/WENO: 3rd order [Shu, 97]
PPM: 3rd order [Colella and Woodward, 1984]
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Upwind schemes

[e]e]e]e] }
High-resolution methods

Further high-resolution methods

Some further high-resolution methods (good overview in [Laney, 1998]):
FCT: 2nd order [Oran and Boris, 2001]
ENO/WENO: 3rd order [Shu, 97]
PPM: 3rd order [Colella and Woodward, 1984]

3rd order methods must make use of strong-stability preserving Runge-Kutta
methods [Gottlieb et al., 2001] for time integration that use a multi-step
update

AU n AU — A 'u _
Q) =0, Q) + 0,8+ 5y (Fiy (@) —F (@)

with Q@ :=Q", s =1, S = 0; and Q™! := Q7 after final stage T
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Upwind schemes
[e]e]e]e] }

High-resolution methods

Further high-resolution methods

Some further high-resolution methods (good overview in [Laney, 1998]):
FCT: 2nd order [Oran and Boris, 2001]
ENO/WENO: 3rd order [Shu, 97]
PPM: 3rd order [Colella and Woodward, 1984]

3rd order methods must make use of strong-stability preserving Runge-Kutta
methods [Gottlieb et al., 2001] for time integration that use a multi-step
update

~ ~ At(

Q) = 0, + 68,4+ 5 (Fia @) —F ;@)

with Q@ :=Q", s =1, S = 0; and Q™! := Q7 after final stage T
Typical storage-efficient SSPRK(3,3):
A1 n n ~2 3 n 1 ~1 1 ~1
Q =Q"+AtF(Q"), Q° = ZQ + ZQ + ZAtf(Q )s
1 2~ 2 ~
ntl _ T An “ 02 < 2
Q" = 3Q + 3Q + 3Atf(Q )
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Meshes and adaptation

Outline

Meshes and adaptation
Elements of adaptive algorithms
Adaptivity on unstructured meshes
Structured mesh refinement techniques
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Elements of adaptive algorithms

Base grid
Solver
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Meshes and adaptation
o

Elements of adaptive algorithms

Elements of adaptive algorithms

Base grid

Solver

Error indicators
Grid manipulation

Interpolation (restriction and prolongation)
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Meshes and adaptation
o
Elements of adaptive algorithms

Elements of adaptive algorithms

Base grid

Solver

Error indicators

Grid manipulation

Interpolation (restriction and prolongation)

Load-balancing
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Meshes and adaptation
L]

Adaptivity on unstructured meshes

Adaptivity on unstructured meshes

Coarse cells replaced by finer ones
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Adaptivity on unstructured meshes

Coarse cells replaced by finer ones

Global time-step
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Cell-based data structures
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Adaptivity on unstructured meshes

Coarse cells replaced by finer ones
Global time-step

Cell-based data structures
Neighborhoods have to stored
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Meshes and adaptation
L]
Adaptivity on unstructured meshes

Adaptivity on unstructured meshes

Coarse cells replaced by finer ones
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